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1. Introduction 



The purpose of this paper is to provide a proof of global existence of solutions to gen- 
eral quasilinear, multiple speed systems of wave equations satisfying the null condition. 
The techniques presented are sufficient to handle both Minkowski wave equations and 
Dirichlet-wave equations in the exterior of certain compact obstacles. 

For the latter case, fix a smooth, compact obstacle /C C K'^. We, then, wish to examine 
the quasilinear system 



and A = df + 82 + is the standard Laplacian. For clarity, we will assume that we 
are in the nonrelativistic case. That is, we assume that the wave speeds c/ are positive 
and distinct. Straightforward modifications can be made to allow various components to 
have the same speed. For convenience, we will take cq — and 



throughout. 

We now describe our conditions on the nonlinearity F. First of all, F is assumed to 
be linear in cPu. F is also required to vanish to second order. That is. 



(1.1) 




Here 




(1.3) 



= Cq < Ci < C2 < ■ ■ ■ < CD 



9"F(0,0,0) = 0, 




Additionally, we assume 



dlF{0,0,0) 



0. 



Thus, F may be decomposed as 

F{u, du, d^u) = B{du) + Q{du, d^u) + i?(u, du, d^u) + P{u, du) 
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where, for 1 < I < D, 

(1.4) B\du)^ AjfdjU'^dkU^, 

1<J,K<D 
0<j,k<3 

(1.5) Q'idu,d^u)^ J2 B'j^fdiu^'djdku', 

1<J,K<D 

o<j,fc,;<3 

(1.6) R\u,du,d^u)^ C"^^^{u,du)djdku-' 

1<J<D 
0<j,k<3 

with C"'^''{u,du) = 0{\u\^ + \du\^), and P{u,du) = 0{\u\^ + \du\^) near {u,du) = 0. Here 
and throughout, we use the notation xq = t and do — dt when convenient. Additionally, 
du — u' = Wt,xU denotes the space-time gradient. The constants sj^f '^ are real, as 
are the C^'^'^''{u,du) terms. Moreover, the quasilinear terms are assumed to satisfy the 
symmetry conditions 

/, r,\ r)IJ,jk _ nJIJk _ TDlJ,ki 



(1.8) C"'^''{u,du) = C"'''^{u,du) = C"^^^{u,du). 

In order to establish global existence, we require that the quadratic terms satisfy the 
following null condition: 

(1.9) ^:/fO^fc = 0' whenever 4 - - - ^3 = 0, J=1,2,...,D, 

(1.10) Y whenever 4 - - ^2 - el = 0, J = 1,2,...,D. 

0<j,k,l<3 '^J 

This null condition guarantees that the self-interaction of each wave family is nonres- 
onant and is the natural one for systems of quasilinear wave equations with multiple 
speeds. It is equivalent to the requirement that no plane wave solution of the system is 
genuinely nonlinear. This follows from an observation of John and Shatah, and we refer 
the reader to John JT] (p. 23) and Agemi-Yokoyama |lj. Additionally, in the setting of 
elasticity, Tahvilday-Zadeh (see also Sideris [33]) observed that p.9|l . p.lU|l removed 
the physically unrealistic restrictions on the growth of the stored energy imposed by the 
null conditions used, for example, in |2H|) and . While general global existence 
of solutions to (|1.1|) is only known (even in the Minkowski setting) under the assumption 
of (|1.9|) . H1.10|l . recent works of Lindblad-Rodnianski [241 125) suggest that a weak form 
of the null condition may be sufficient. 

We now wish to describe our assumptions on the obstacle /C C M^. As mentioned 
above, we assume that /C is smooth and compact, but not necessarily connected. By 
shifting and scaling, we may take 



OG /C C {|a;| < 1} 
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with no loss of generality. The only additional assumption is that there is exponential 
decay of local energy. Specifically, if u is a solution to the homogeneous wave equation 

\u{t, ■)\oic = 

and the Cauchy data u(0, • ), dtu{0, ■ ) are supported in {\x\ < 4}, then we assume that 
there are constants c, C > so that 

(1.11) ( / \u'{t,x)\Uxy^' < Ce-^* J2 \\d>'iO,-)h. 



|a|<l 



If the obstacle is nontrapping, a stronger version of 1)1. 11() holds with |q;| = (no loss 
of derivative). See, e.g., Morawetz-Ralston-Strauss PD]. In the presence of trapped rays, 
Ralston "SP observed that this stronger version could not hold, and Ikawa showed 
that Hl.ll|l holds for certain finite unions of convex obstacles. 

In order to solve 1)1. l|l , we must also require that the data satisfies certain compatibility 
conditions. Briefly, if we let JfcW — \d°^u : < |q;| < fc} and flx m, we can write 
9f u(0, • ) — ipk{Jkf, Jk-ig), < fc < m for any formal iJ™ solution of Hl.l|) . Here, ipk 
is called a compatibility function and depends on F, Jkf, and Jk-ig- The compatibility 
condition for Hl.l() with {f,g) G i?™ x states that the ipk vanish on dK. when 

< k < m — 1. Additionally, we say that (/,(?) € C°° satisfy the compatibility condition 
to infinite order if this holds for all m. See, e.g., (15) for a more detailed description of 
the compatibility conditions. 

We can now state our main result. 

Theorem 1.1. Let IC be a fixed compact obstacle with smooth boundary satisfying (ll.ll|) . 
Assume that F{u,du,d'^u) and □ are as above and that {f,g) G C°°{MP\IC) satisfy the 
compatibility conditions to infinite order. Then, there is an Eq > and an integer N > 
so that for all e < Eq, if 

(1.12) E IK^)'"'^"/ll2+ E ll(-^>'+'"'5"ffll2<e, 

\a\<N |Q|<Af-l 

then p. 1(1 has a unique global solution u £ C°°([0, cxd) x ]R^\/C). 

As mentioned above, we will also handle the Minkowski case. Assuming that F and 
□ are as above, we show that solutions of 



(1.13) 



\Uu^ F[u,du,d'^u), (t,x)eK+x 
\u{{),-)^f, dMO,-)^g 

exist globally for small data. Specifically, we will prove 



Theorem 1.2. Assume that F and □ are as above. Then, there are constants Eq, N > 
so if /, g are smooth functions satisfying 

(1.14) E E ll(^)'+'"'«2<£, 

\a\<N |a|<JV-l 

for all e < Eq, then the system (I1.13|) has a unique global solution u G C°°{[0,ao) x M"^). 
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We note that during preparation of this paper it was discovered that Theorem 11.21 
was proven independently by Katayama |(T2j using different techniques. Additionally, in 
|13| . Katayama explored the possibility of allowing F to contain certain terms of the 
form w'du^ if you assume the null condition of Pl], rather than H1.9|) . (|1.10() . The 
obstacle result, Theorem ll.il is new. 

By allowing general higher order terms. Theorem 11.21 extends the previously known 
results on multiple speed wave equations due to Sideris-Tu Agemi-Yokoyama 
Kubota-Yokoyama and Katayama In a similar way, Theorem 11.11 extends the 
previous result of the authors ■ 

In studying both the Minkowski setting and the exterior domain, we will be using 
modifications of the method of commuting vector fields due to Klainerman jl9| . We will 
restrict to the class of vector fields T ^ {Z, L} that seem "admissible" for boundary value 
problems and studies of multiple speed wave equations. Here, Z denotes the generators 
of space-time translations and spatial rotations 

(1.15) Z^{^^,XJ^k-Xk^J, < i < 3,1 < j < fc < 3} 
and L is the scaling vector field 

(1.16) L^tdt+rdr. 
Additionally, we will write r = |a;| and 

(1.17) Cljk = Xjdk - Xkdj 

for the generators of spatial rotations. The generators of the Lorentz rotations, Xidt +tdi 
when c/ = 1, have an associated speed and have unbounded normal components on the 
boundary of our compact obstacle, and thus seem ill-suited to the problems in question. 
Katayama has shown that these hyperbolic rotations can be used in a limited 

fashion in the study of multiple speed wave equations, but we do not require those 
techniques here. 

The most significant new difficulty in this case versus the one considered in "27" is 
the cubic terms not involving derivatives. Those involving derivatives can generally be 
handled using energy methods. In the approaches of Christodoulou j^i and Klainerman 
such terms not involving derivatives were handled with a certain adapted energy 
inequality that resembles, e.g., the work of Morawetz [SHI- This method relies on the use 
of the Lorentz rotations, and it is not clear how to adapt it to the current setting. 

The new argument that we utilize uses an analog of a pointwise estimate that was 
established by Kubota-Yokoyama (21] ■ When combined with the pointwise estimates 
of Keel-Smith-Sogge ^Jj and sharp Huygens' principle, we are able to establish low 
regularity decay of our solution u. These improved estimates allow us to handle the 
cubic terms without derivatives discussed in the previous paragraph. In [57], using only 
the estimates of ^7] , the authors were only able to get such decay for the gradient of the 
solution u' . 

As in Keel-Smith-Sogge [161 117| . we will utilize a class of weighted L^L^-estimates 
where the weight is a negative power of (x) = (r) = VT + r^. Such estimates permit 
us to use the 0((x)~^) decay that is obtained from Sobolev inequalities rather than the 
more standard 0{t~^) decay which is difficult to prove without the use of the Lorentz 
rotations. Additionally, such estimates allow us to handle the boundary terms that arise 
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in the energy estimates of nonlinear wave equations if we no longer have the convenient 
assumption of star-shapedness on the obstacle. This was one of the main innovations of 
Metcalfe-Sogge [25) . 

As in our previous work [27j . we will require a class of weighted Sobolev estimates. 
The weights involve powers of r and {t — r). In the Minkowski setting, these estimates 
are originally due to Klainerman-Sideris |2(Jj and Hidano-Yokoyama j^. 

This paper is organized as follows. In the next section, we gather our preliminary 
estimates that will be needed to show global existence in Minkowski space. In particular, 
we collect the pointwise estimates of Keel-Smith-Sogge and Kubota-Yokoyama |21j. 
In Section 3, we prove Theorem 11.21 In Section 4, we gather the estimates that we 
will require to prove Theorem ll.il Finally, in Sections 5-7, we prove our main theorem, 
Theorem ll.il 



2. Preliminary estimates in Minkowski space 

In this section we gather the estimates for the free wave equation that we will require in 
order to prove global existence. 

2.1. Energy estimates. We begin with the standard energy estimates for perturbed 
wave equations 

D 

(2.1) {n^uY ^{df -cjA)u' +Y, J2 -/'"''''djdku'' =G', I = 1,...,D 

A'=l 0<j,k<3 

satisfying the symmetry condition 

(2.2) 7^^'^'= = j^^'''^ = 7^^'^'=, < j, fc < 3, 1<I,K <D. 
As is standard, we let eg — X^/Li be the associated energy form where 

3 D 3 

(2.3) e'oiu, t) = {d^u'f + ^ c]{dku' f + 2 ^ ^ ^"''^''dou' duu' 

k=l ,J=1 k=0 

J=l 0<j,k<3 

If we assume that 

max h'^'^'lloo 

1<I.K<D 
0<j,k<3 

is sufficiently small, then it follows that 

(2.4) i niin(l,c?)|Vt,,w|2 < eo(u) < 2 ^ max(l, c?)| Vt,,Mp. 

1<I<D i<I<D 
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If we set E{u,t)'^ = Jj^^ eo{u,t) dx to be the associated energy, then we have the energy 
inequahty 

(2.5) dtE{r-u,t)<C ^ |lr"G(t, •)ll2+ Il[°7,n«(i, Olb 

|q|<J\/ |a|<Af |a|<A/ 

+ c Y E{r'^^,t) Y \\9a''''"'it, Olloo. 

|a|<A/ 0<j,k,l<3 
1<I,K<D 

In addition to the energy estimate H2.5|l . we will need the following estimate of 

Keel-Smith-Sogge U^l (Proposition 2.1). 

Lemma 2.1. Suppose that u e C°°(R x M^) vanishes for large x for every t. Then, there 
is a uniform constant C so that 

(2.6) (log(2 + t))-i/2||(a:)-i/2^'||^,(,o_^]^g3) <q|w'(0, Olb + C f \\Uu{s , ■ )h ds . 

Jo 

2.2. Pointwise estimates. In this section, we will gather the pointwise estimates that 
will be needed in the sequel. The estimates that are presented are variants of those in 
Keel-Smith-Sogge ^7\, Sogge |3H1, and Kubota-Yokoyama [21]. The key innovation in 
our approach to Theorem 11.21 is the use of both of these pointwise estimates and sharp 
Huygens' principle to allow us to get good pointwise bounds for u (not just u' as in 
|27jV This pointwise bound allows us to handle the higher order terms without having 
to strengthen the null condition (as in |21|'l. 

In our first estimate, we will concentrate on the scalar wave equation □ = {df — A). 
The transition to vector valued, multiple speed wave equations is straightforward. 

Lemma 2.2. Let u he the solution of nu{t,x) — F{t,x) with initial data m(0, ■) = f, 
dtu{0, ■)=g for {t, x) eR+xR^. Then, 

(2.7) {l+t+\x\)\u{t,x)\<CY + C 5] ||(a;)i+l"l9".g||2 

|q|<4 |a|<3 

+ C Y r [ |L-Z"F(.,,)|^. 

Proof of Lemma \2.!A For vanishing Cauchy data, H2.7|l can be found in Keel-Smith- 
Sogge 17^ and Sogge [^. Thus, it will suffice to show the estimate for cos(i-\/— A)/ and 
(sin(tV— A) /\/—A)g. The proof is similar to that in J/^ for the inhomogeneous case. If 
we assume that F = above, we will show 




Our desired estimate (|2.7|) follows, then, via the Schwarz inequality. 
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Let us first consider (sin(tV— A) / \/—A)g. Using the positivity of the fundamental 
solution for the wave equation, we have 



(2.9) 



sm{t^/^) ^ _ t \x\ 



g{x - te) da{e) 



< 



2 Jit 



|0|=i 
t+\x\ 



\t-\x\\ 



\sg{s-)\\Lr(s^) ds. 



By the embedding Hg' > it follows that 



(2.10) 



|q|<2 



dy 



\t~\x\\<\y\<t+\x\ \y 



For t > 10|x|, apply the relation sg{s9) = — dr{Tg{T9)) dr to l|2.9() to see that 
sin(<\/^) 



< 



/ / -\\rdr{Tg{Te))\\L^^s-^)dTds 



(2.11) 



< c 



\t-\x\\ 



t-[-\x\ pOO 
\t-\x\\ 

hgi^ ■ )IU~(S2) + MTdr)giT ■ )||l~(s2) dr 

dy 

\y\' 



<C I \{\y\d\y\r^''g{y)\ 

^.<l,w\<2•'\^-\^\\<\y\ 



By H2.10|l and (|2.11|l . we obtain 



(2.12) {t + \x\) 



/i<l,|a|<2 



md\y\Y^-g{y)\ 
\t-\x\\<\v\ \V\ 



We now wish to show that 

sin(i\/^) 



(2.13) (l + <+|a;| 



-9 



< 



^ E 

\a\+fj.<3 
p.<l 



\i\y\diyirz'^g{y)\fi 

R3 \y\ 



For t + |a;| > 1, H2.13|l clearly follows from H2.12|l . For t + |a;| < 1, let x denote a smooth 
function with x{^) = 1 for l^^l ^ 1 ^-nd x(2^) = for |a;| > 2, and let v be the solution to 
the shifted wave equation 

(2.14) av{t,x)^0, v{0,-)=0, dtv{0,x)^{xg)ixi-10,X2,X3). 

By finite propagation, we have that ^"^^^'^ g — w(t, xi + 10, a;2, 0:3) for i + |x| < 1, and 
(|2.13|l follows by applying (|2.12|l to v. 

Finally, we turn to the task of showing that our desired result 



(2.15) {l + t+\x\ 



-A 



< 



^ E 

|a|+M<3 
M<1 



myiTZ'^giy)] ^ 



follows from (|2.13|) . For x as above, write 5 = x.g + (1 — x).9- When g is replaced by 
(1 — x).9i (|2.15|l follows directly from H2.13|l . When g is replaced by x<7, we instead apply 
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(|2.13|) to the shifted function v. It is this use of the shifted function that introduces the 
translations on the right sides of H2.13|) and (|2.15|) . 



Next, we consider cos(iV— A)/. We have 

(ty=A)/ ^ dt(^ f fix - te) da{0)) 



cos 



(2.16) 



< 



\e\-- 

sini\/— A 



-f 



sin^A 



-|v/| 



By H2.15|l . the |V/| part is bounded by the right side of 1)2. 8|l . For the first part, repeating 
the arguments of (|2.9|l and (|2.11|l . we have 

(2.17) 

(t+\x\) ~-^-_-' f < 



U 



< 



< 



2t\x\ 

t + \^\ 
2t\x\ 



t+\x\ 



|s/(s-)IIl-(S2) ds 



\t-M\ 
it+\x\~\t-\x\ 



\t~\x\\ 



^ E / 

M<l.|a|<2"'lfl^l*- 



l|c^r(T/(T-))||Loo(5.2) dr 

dy 



\x\\ \y\ 



Using the shifted function as in H2.13|) and (|2.15|) . it follows that 



(2.18) 



as desired. 



il + t+\x\) 



< 



|q|+^<3 



c E / \i\y\d\y\rzyiy)\ 



dy 

w 



□ 



We now wish to explore the version of the pointwise estimate of Kubota-Yokoyama 
that we will use. We define the "neighborhoods" of the characteristic cones r = = c/t 
for Dcj. That is, with the cj as in H1.3|l . set 

(2.19) A/ = {{t, \x\) e [1, oo) X [1, oo) : \r~ c/t| < St} 

where S — ^ mini</<D(c/ — c/_i) and I — 1,2, . . . , D. Note that for {t, x) ^ A/, |c/t — 
|a;|| « t + |a;|. Additionally, define 

(2.20) z{s,X) 



(l + |A-cjs|), for(s,A)eAj, J =1,2,, 
(1 + A), otherwise. 



With this notation, we then have 

Lemma 2.3. Let / = 1,2,...,!?, and assume that {t, x) is a continuous function of 
{t,x) G X R^. Let be the solution of {&f — CjA)it;^ = with vanishing Cauchy 
data at time t = Q. Then, 

(2.21) (1 + r + t) (l + log ^^^^^^) " ^) I 

<G sup \y\{l + s + W+>^z^->^{s,\y\)\G\s,y)\ 

(s,y)£Di{t,r) 
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for any fi > and 

(2.22) D\t,r) = {{s,y) G R x : 0<s<t, \r-ci{t~s)\ < \y\ < r + c/(t - s)}. 

The above estimate is due to Kubota-Yokoyama |23 (Theorem 3.4). If we combine 
()2.7|) and H2.21|l and use the fact that [0,Z] = and [0,L] = 2n, we get our main 
pointwise estimates. 

Theorem 2.4. Let I — 1,2, . . . , D , and assume that it, x), {t, x) are smooth func- 
tions of {t,x) e K+ X R3. Let be the solution of {d^ - cjA)w^ = + . Then, 
there is a uniform constant Gi > so that 

(2.23) {l + r + t)\r''w\t,x)\<Ci ^ \\{xy^\{d^'r"w')iO, ■)h 

l/3|<4 

|/3|<3 \0\<\a\+3'^° •' 

+ C^(l + \og^±^±^\ E \y\{l + s+\y\Y+^z'-^^{s,\y\)\T^G\s,y)\ 

for any multiindex a, fi > 0, and as in (|2.22|l . 

Using strong Huygens' principle, we can estabhsh the following variant of the previous 
theorem. 

Theorem 2.5. Fix I — 1,2, . . . , D, and assume that F^ [t, x), G^ [t, x) are smooth func- 
tions of {t,x) G M+ X M^. Moreover, assume that F^{t,x) is supported in Aj for some 
J ^ L. Let be the solution of {df — cjA)w^ = F^ + G^ . Then, there are uniform 
constants c,Gi > depending on the wavespeeds ci,cj so that 

(2.24) il + r + t)\r''w'it,x)\<Gi ^ ||(x)l'3|(a^r"«;^)(0, • )I|2 

|/3|<4 

+ G,y2\\{xy+^('Hd^T'^dtw'){0,-)h + Gi V sup f\TPF\s,y)\dy 



|/3|<3 l/3|<|a|+2 

+ G, J2 f I 

l«l^l„,l^-j "'max(0,c|c7t-|i:||-l) J Mas 



v)\ 



dy ds 



|/3|<|a|+3 



+ Ci(l + logi^^l±^) ^'^iP \y\{l + s+\y\)^+^^z^-^^{s,\y\)\TPG\s,y)\ 

for any multiindex a, ii> i) and as in (12.221) . 

Here, and throughout, \y\ w s is used to denote that there is a positive constant c so that 
{l/c)\y\<s<c\y\. 

Proof of Theorem \2.5\ By (I2.21|) , we may take = without restricting generality. 
We then note that there is a constant c so that the intersection of the backward light 
cone through {t, x) with speed c/, {c/(i — s) — \x — y\}, and Aj is contained in [c\cit — 
\x\\,t\ X {\y\ K, s}. With this in mind, we fix a smooth cutoff function p so that p{s) = 1 



10 



JASON METCALFE, MAKOTO NAKAMURA, AND CHRISTOPHER D. SOGGE 



for s > c\cjt — \x\\ and p{s) = for s < c|c/t — |a;|| — 1. Notice that by strong Huygens' 
principle, we have V^w^t, x) — T^w where w is the sohition to 

□c,r"zl;(s, y) = pis)T''F'is, y) + p{s)[U,^ , r"]F^(s, y) 

and r"it; has the same Cauchy data as V^w. 

The resuh now foUows from an apphcation of 1)2. 7|) to T"^w. So long as the scaling 
vector field L in the third term on the right of H2.7|l does not hit p, the bound (|2.24l) 
follows and the third term on the right is unnecessary. If the L in (|2.7|l is applied to p, 
we get an additional term which is bounded by 



j-c\cit-\x\\ j- 

C / s\p'{s)\\vPF{s,y)\ . 

Since |?/| ~ s and the time integral is taken over an interval of length at most one, this 
term is easily seen to be dominated by the third term in H2.24|l which completes the 
proof. □ 

2.3. Null form estimates and Sobolev-type estimates. In this section, we gather 
our bounds on the null forms and some weighted Sobolev-type estimates. The first of 
these is the null form estimate. See, e.g., [HHl) [HH|' 

Lemma 2.6. Suppose that the quadratic parts of the nonlinearity Q{du,cPu), B[du) 

satisfy the null conditions (11.91) and (|1.10() . Then, 

(2.25) 

I B^f'^'diud^OkV < C{r)-\\ru\\d'v\ + \du\\dTv\) + C ^''l'^~ ^\ du\\d\\, 



dy ds 



0<j,k,l<3 



(t + r) 



and 

(2.26) I J2 ^Kfd,udkv\ < C(r)-\\ru\\dv\ + \du\\rv\) + C ^'f ~ ""^ \du\\dv\. 

For the Sobolev-type results, we begin with 
Lemma 2.7. Suppose that heC°°{R^). Then, for R>1, 

(2-27) ||^||l°°(_R/2<|x|<J?,) < CR^^ ^ \\^°'dxHL^{R/4<\x\<2R)- 

\a\ + \l3\<2 

This has become a rather standard result. See Klainerman ^21- A proof can also be 
found, e.g., in 

Additionally, we have the following space-time weighted Sobolev results. 
Lemma 2.8. Let u e C^f (R+ x R^). Then, 

(2.28) {ry/'\u{t,x)\<cY OIU, 

|a|<l 

(2.29) \\{cit-r)dMt,-)h<CY l|rV(i, .)\\, + C\\{t + r)D,Mt, ■)\\2, 

I/3|<1 
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(2.30) {ry/'{cjt-r)\u'{t,x)\<cY^ • )l|2 + C ^ \\{cit - r)zPdMt, ■)h, 

I/3|<1 I/3|<1 



(2.31) {r){cit~ry^^\u'{t,x)\<C WZ^u'it, ■)\\2 + C \\{cit - r)Z^d^uit, ■)\\2. 

\P\<2 |/3|<1 

The estimates (fT^ and are shown in Sideris |33 (Proposition 3.3). ifT^ 

is due to Klainerman-Sideris [20] (Lemma 2.3 and Lemma 3.1). (|2.30|l is from Hidano- 
Yokoyama (Lemma 4.1) and follows from H2.28|l . 

Lastly, by interpolating between (|2.30() and H2.31|l . it is easy to see that 

(2.32) (r)i/2+'^(c,t-r)i-^|r"«'(t,x)| <C ^ ||rV(i, Olb 

|/3|<|a|+2 

+ C Y \\{cit-r)Tf^dMt,-)h 

l/3|<l«l + l 

for any < ^ < 1/2. 



3. Global existence in Minkowski space 

Here we prove Theorem 11.21 We will take = 71 in p.l4|l . This, however, is not 
optimal. 

To proceed, we shall require a standard local existence theorem. 

Theorem 3.1. Let f e H'^'^{R^) and g € H™(R^). Then, there is aT>0 dependent on 
the norm of the data so that the initial value problem (|1.13|l has a solution satisfying 

(3.1) uG i°°([0,r];i?^i(M3))nC°'i([0,r];i?^°(M3)). 

The supremum of all such T is equal to the supremum of all T such that the initial value 
problem has a solution with d°'u bounded for all \a\ < 2. 

This result is a multi-speed analog of Theorem 6.4.11 in [7j (which is stated only for 
scalar wave equations). Since the proof is based only on energy inequalities, the same 
argument yields Theorem 13.11 provided we assume the symmetry conditions l|1.7|l and 

C3- 
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We are now ready to set up our continuity argument. If e is as above, we will assume 
that we have a solution of our equation for < i < T satisfying the following: 

(3.2) l|rV(t, OIU^Aoe 

|a|<50 

! + <+ |a;| 



(3.3) {l + t+\x\) \T°'u\t,x)\< Aie(l + log - 



|q|<40 



+ \cit-\x\ 



(3.4) (1+t+N) Y |r"z^^(t, x)\ < A,e{l + t)^/^" log(2 + t)(l + log ^| ^ +Jf 

|a|<60 i+|C/r 

(3.5) {l + t + \x\) Y \^"u\t,x)\ < BiS 

\a\<39 

(3.6) J2 lir""'(i, Olb < S2£(l + t)i/4° 

|q|<70 

(3.7) J2 ll(^>"'/'r"^'IU^(5.) < S3e(l + t)i/^°(log(2 + 0)1/2. 

|a|<65 

Here St denotes the time strip [0.,t] x K^. 
By (|1.14|l . we have the estimate 

D 

Y E (i + Ci + Ci){E \\{x)\^\d''r"u'){o,x)\\, 

/=l|a|<67 |/3|<4 

+ E \\{^V^^^^id^'^"dtu'){0,x)\\2} < C2e 

|/3|<3 

for some constant C2 > 0. Here Ci and Ci are the constants occurring in H2.23|) and (|2.24() 
respectively. In our estimates above, we choose Ao = Ai = A2 — A > 10max(l, C2). 

We shall then prove that for e sufficiently small, 

i. ) H3.2|l holds with Aq replaced by Ao/2. 

ii. ) ifOl . hold with Ai,A2 replaced by Ai/2,^2/2 respectively. 

iii. ) H3. 211- 13. 4|l imply H3.5|) - (|3.7|) for a suitable choice of constants -62, B3. 

We will prove items (i.)-(iii.) in the next three subsections respectively. 

Before we begin with the proof of (i.), we will set up some preliminary results under 
the assumption of H3.2|l - (|3.7|) . Let us first prove 

(3.8) E <^)'^'^''(c/t-r)i-''|r"au^(t,x)| <Ce(l + i)'/^", < a* < 1/2. 

|a|<58 

Indeed, by I2.32|l and H2.29|l . we have that the left side of H3.8|l is controlled by 

c E l|rV(i, •)ll2 + c E \\{t + r)r'^a,y{t,-)\\2. 

\a\<eO \a\<59 
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By (|3.6f) . the first term is controlled by the right side of (|3.8|) . Thus, it remains to show 

(3.9) Yl \\{t + r)T'^a,y{t,-)\\2<Ce{l + t)'^''. 

\a\<59 

By our definition of Ou, we have that the left side of 1)3. 9|l is bounded by 
C J2 \\{t + r)T-u'{t,-)\\^ J2 l|r""'(^, Olb 

|a|<30 |a|<60 

1<J,K<D \a\<31 \a\<31 \a\<59 

+ c Y ||(^ + ^) E E ir"^""! E |r"^"l|L- 

1<JJ<<D \a\<31 \a\<31 \a\<60 

By (|3.5|l and (|3.6I) . we see that the first term is controlled by Ce^(l + i)^/^" as desired. 
For the second term, we apply H3.3|l to see that we have the bound 

1(1 + li^) + li^^) (1 + ' + W)- ^ i:jr"»(., . )l II, 

We, then, see that this is 0{e^) using H3.4() . The bound for the third term follows similarly 
from applications of H3.3|l and (|3.6|l . 

If we argued similarly, using H3.2|l instead of H3.6|l , it follows that 

(3.10) ^ (r)i/2+M(c^i_,.)i-M|r"5uJ(t,a;)| < Ce, < < 1/2, 

|a|<48 

and 

(3.11) J2 \\{cit~r)T"d^u\t,-)h<Ce. 

\a\<49 

Indeed, the latter follows from H2.29|l and the proof of (|3.9f) where, as mentioned above, 
we use the lossless estimate (13 .21) rather than (|3.6f) . 



3.1. Proof of (i.): In this section, we will show that (|3.2|) - H3.7|I allow you to prove H3.2|l 
with ^0 replaced by Ao/2. By the standard energy inequahty (see, e.g., PZl), the square 
of the left side of (|3.2|) is controlled by 



(3.12) 



E l|r"^.'(o, •)ll2+ E /7|(aorVnr^ 

|q|<50 |q|<50"^° 



dy ds. 



It follows from p.l4|l and our choice of Aq that the first term is controlled by (^o/10)^e^. 
Thus, it will suffice to show that 



(3.13) 



E 

|a|<50 



dy ds < Ce^ 
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The left side of H3.13|l is dominated by 

dy ds 



(3.14) cjjY.ll I E B'^f'diT-u^d.d.T^u^ 

Jo •'^^ K=l\a\<5() |a| + |/3|<50 0<j,fe,i<3 

+ ^ f [ E E 1^0^"^.^'! E I E ^Kfd,r'^u''d,rPu''\dyds 

Jo Jt^'^ K=l\a\<50 |a| + |/3|<50 0<j\/c,i<3 

+ ^r/ E E l^r"^/^'! E l^r"^.^! E \d^"^'\dyds 

Jo Jr^ 1<I.J,K<D |q|<50 |a|<50 |a|<51 

iLK)^{K.,J) 

+ C j' j Y \do^"^\( Y E \^"^\dyds 



|q|<50 |a|<31 |q|<52 

Due to constants that are introduced when L'^Z" commutes with dj^k,i, the coefBcients 
^KK 1 B^^'''^ become new constants A^'^ ^ B^f'^'^. It is known, however, that T 
preserves the null forms. That is, since the original constants satisfy (|1.9|) and (|1.1U|I . so 
do the new ones A^'^ and B^^'-'*' . See, e.g., Sideris-Tu (Lemma 4.1). 

The first three terms are handled as in 27 . Let us begin with the null terms (i.e., the 
first two terms in (|3.14|) ). By (|2.25|) and l|2.26|l . these terms are dominated by 



(3.15) c j j Y E E 

•^0 |„|<5o |q|<51 |a|<51 

^0 JUL j^^^ \ I |q|<5i 

In order to handle the contribution by the first term of 13.15f) . notice that by H3.4|) 
Y |rMs,2/)|<Ce(s+M)-9/i"+. 

|q|<51 

Thus, the first term in H3.15|l has a contribution to H3.14|l which is dominated by 

(3.16) Ce j\s)-'/'°+ Y \\{y)-'^'r-u'{s,-)\\lds 

|a|<51 

by the Schwarz inequality. By H3.7|l . it follows that this contribution is 0{e^). 

In order to show that the second term in (|3.15ll satisfies a similar bound, we apply 
(|3.8|) with /i = and the Schwarz inequality to see that it is controlled by 



(3.17) Cs j (1 + .)!/«/ , ^ . Y l^'^dul'dyds 

Jo Jm{ry^H^ + r) ^^^^ 

<C j\sr''/'" Y \\{y)-'/'r'^u'{s,-)\\lds. 

\a\<51 

It then follows from (|3.7|) that this term also has an 0{e^) contribution to H3.14|l . 
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We now wish to show that the muhi-speed terms 

(3.18) r /" l^r^u^l J2 \9T"u^\ IdV'u-^ldyds 

•'0 JSJ> |„|<5o |q|<50 |a|<51 

with (/. K) 7^ {K, J) have an 0{e^) contribution to (|3.14|) . For simpUcity, let us assume 
that I ^ K , I = J . A symmetric argument wiU yield the same bound for the remaining 
cases. If we set 5 < \ci — ck|/3, it follows that {\y\ G [(c/ — 5)s,{ci + 5)s\} n {|?;| G 
[{ck — S)s, (ck + 5)s\} — 0. Thus, it will sufRce to show the bound when the spatial 
integral is taken over the complements of each of these sets separately. We will show the 
bound over {|?;| ^ [{ck — 5)s, {ck + <5)s]}. The same argument will symmetrically yield 
the bound over the other set. 

If we apply (|3.8() with /i = 0, we see that over the indicated set, (|3.18|) is bounded by 

(3.19) Ce f [ (s + r)-39/40(r)-i/2 V lar^u^pdyds 

<Ce A.)-i^/4" \\{yr"'T-u'{s,-)\\lds. 



|q|<51 

Thus, it again follows from (|3.7|l that this term is 0{e^). 

Finally, it remains to bound the contribution to (|3.14() by the cubic terms (the fourth 
term in H3.14|l 'l. If we apply (|3.3|l and (|3.4|) . it is clear that this term is dominated by 

3 niog(i+^+M)r V \dT-u\dvds 
Jo J (i+,s+M)-Ao -\'y''- 

By Schwarz inequality and H3.6() . we see that this term is 0{e'^) which completes the proof 
of JTTl . 



3.2. Proof of (ii.): In this section, we wish to show that our pointwise estimates (|3.3|l 
and (|3.4() hold with Ai, A2 replaced by Ai/2, A2/2 respectively. Let us begin with (|3.3() . 

Fix a smooth cutoff function ryj satisfying 777(5) = 1, s e [{cj + {S/2))^^ , (cj — ((5/2))^^] 
where, as in (|2.19|) . S = (1/3) min/(c/ — c/_i), and rij{s) = 0, s ^ [{cj + S)^^ , {cj — S)^^]. 
We also set /? to be a smooth function satisfying f3{x) = 1, \x\ < 1 and (3{x) = 0, |x| > 2. 
Then, let pj{x, <) — (1 — (3){x)rij{\x\~^t). By construction when \x\ > 2, pj is identically 
1 in a conic neighborhood of {cjt = \x\} and is supported on Aj. 

We then set 

(3.20) F'= J2 E B'jj^'^pjdiu'd.dku' + Y E Ajfpjd,u'd,u' 

l<.I<D0<j,k,l<3 l<,J<D0<j,k<3 
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and G' = F' - . By ifT^ and our choice of C2, we have that the left side of ^A.'6\ is 
dominated by 

(3.21) 

C2e+c(l+logi±^l±^) \y\[l+s+\y\Y+^^z'-^{s^y\)\TP&{s,y)\ 
+ f I \r^F'is,y)\^ + C Y: sup [\T^F'is,y)\dy. 

|^|<43 Jmax(0,c|c7t-|2:||-l) [y) |^|<42 0<s<tJ 

By construction, we have C2S < (Ai/10)e. 

We now turn to the second to last term in ()3.21fl . Since jyl w s on the support of pj, 
it follows that this term is controlled by 

rt 



<c(i + iog ^ + ' ) sup J2 lirV(.,.)lli 

V I + \cit — \x\\/ n<s<t , , 

I J IN u^^s^i |/3|<44 

The correct bound for the right side then follows from 13. 2() . If we apply the Schwarz 
inequality, it follows that the last term in (|3.21|) is dominated by 



C Y '^up \\T^u'{s, 



2 

|^|<43 0<.<t 



Thus, by (|3.2|) . we get the desired bound for the F^ terms in (|3.21|) . 

It remains to examine the term in (|3.21|) . The proof of H3.3|) will be complete if we 
can show that 

(3.22) Y \y\{l + s+\y\)'+^z'-''{s,\y\)\TP&{s,y)\<Ce^ 

|^|<40 i'^,y)eD'{t,r) 

When & is replaced by the null forms 

0<j:fe<3 0<i,kJ<S, 

we apply (|2.25|) and H2.26|l to bound this term by 

(3.23) C sup {l + s+\y\f+^z^-^^{s^y\) ^ \vPu'\ ^ \Vf^du'\ 

{s,v)eD'{t,r) 

+ C sup \y\{l^s + \y\rz^-^{s^y\){cIS-\y\) ^ \^^du'\ ^ l^^^^'l 

{s,y}eD'it,r} |^|<2i |^|<4i 

For the first term in H3.23|l . if we apply H3.4() . we see that it is controlled by 
Ge sup (l + s+|y|)i/i°+^+zi-^(s,|y|) ^ Ir^^^u^l. 

(s,y)<£D'{t,r) |^|<4^ 

It follows, then, that this is O(e^) by H3.10|l . Indeed, if (s, |y|) G A/, then s w \y\ 
and z(s, \y\) — {cjs — \y\). For (s, \y\) ^ A/, it follows that s + w \cjs — \y\\ and 
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z^~^{s,\y\) < {y)^~^- Similarly, by ifTTUI) . it follows that the second term in is 
bounded by 

ce sup |y|i/2(i + , + |y|)M^i-M(,jy|) ^ |r/3a„/|. 

{s,v)£D'{t.r) \!3\<A1 

By (|3.10|l and the same considerations as above, this is in turn O(e^) as desired. 
When we replace by 

(3.24) ( E BY/\l-pj)diu'djdku' + A'j'j\l~Pj)d,u'dku' 

1<J<D a<j,k,l<3 0<j,k<3 

m the left side of we see that it is bounded by 

C sup |y|(l + s+|y|)i+^zi-^(s,|y|) ^ iT^du^]^. 

(s,y)esupp(l-pj) |^|<41 

Since (cjs — \y\) > (s + > z{s, \y\) for (s, |?/|) in the support of (1 — pj), it follows 
easily from H3.10|l with p — that this term is 0{e^) as desired. 

Next, we shall examine (|3.22ll with replaced by the multi-speed terms 

l<J,i<-<Ll |q|<41 |q|<41 

Suppose that (s, \y\) e Aj. Since J ^ K, we have \cks — \y\\ > (s + |y|). Thus, if we 
apply H3.10|) to the piece (with fi — 0), we see that the left side of (I3.22|) is controlled 

by 

Ce sup \y\^/^{l + s+\y\r{l + \cjs-\y\\y-^ ^ Ir^^a^^l. 

(«.lwl)6A./ |^|<41 

Since |?/| « s on Aj, we see that this term is also O(e^) by another application of (|3.1U|) . 
A symmetric argument can be used when (s, \y\) G Ak- If (s, \y\) ^ Aj U Ai<-, then 
|cjs — |y||, \cks — \y\ \ ^ {s + \y\) and the bound follows from two apphcations of H3.10|l 
with p — 0. 

Finally, we are left with proving (|3.22() when G^ is replaced by + . In this case, 
the right side of H3.22|l is bounded by 

(3.25) C Y ^"-'P \y\il + .s+\y\y+^z'-'^is,\y\) 

X E Ir^"'l E ir""""! E 

|/3|<22 l/3|<22 |/3|<40 

+ C J2 ^'^P \y\ii + -s + \y\y+''z'-''is,\y\) 

X E ir^'-'l E ir^-^l E 

|/3|<22 |/3|<22 |/3|<41 

By the inductive hypothesis (|3.3|) . the first term in 13.25|l is controlled by 

Ce sup — 1 I , ■■ _ 1 + log — -. — —r— 

(s,a)eDMt.r) (1 + s + |y|) z[s,\y\) 
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Since (loga;)'^/a;^^'^ is bounded for x > 1 and /i < 1, it follows that the first term in (|3.25|) 
is 0{e^). For the second term in H3.25|l . if we apply (|3.1U|) . we see that it is bounded by 

1<J,X<D |^|<22 \P\<22 

It then follows easily via (|3.3() that this term is also 0{e^) as desired. This completes the 
proof of and thus, also 

We now wish to prove that 1)3.4(1 can be obtained with A2 replaced by A2/2. Here, we 
apply (|2.23|) with replaced by B{du) + Q{du, (Pu) and replaced by R{u, du, d^u) + 
P{u, du) to see that the left side of (|3.4() is bounded by 



(3.26) C'2£ + C E _^ y" l^'^iBidu) + Q{du,d'^u)]{s,'i 



l/5|<63 



dy ds 
1^ 



+ c(l + log / + ^ + "^M J2 sup \y\il + s+\y\Y+^z'-^is,\y\) 

X \Tf^[R{u,du,d^u) + P{u,du)]{s,y)\. 

By our choice of A2, it follows that the first term in (|3.26|) is controlled by {A2/I0)e. To 
complete the proof of (ii.), it will suffice to show that the last two terms in (|3.26|) are 

bounded by Ce^{l + tf'^^ log(2 + ^(l + log ^ll]tt\\ , 

Since B{du) and Q{du,d^u) are quadratic, this is relatively easy for the second term. 
In fact, this term is bounded by 



c I I Ir"5z.(.,y)|^ 



dy ds 

|a|<64 



Since this is controlled by the square of the left side of H3.7|l . the desired bound follows 
immediately. 

To complete the proof of (ii.), it suffices to show that 

(3.27) sup \y\{\ + s+\y\f+^z^-^^{s,\y\) E \VP[R{u,du,d^u) ^ P{u,du)]{s,y)\ 
{s,y)<=D' |^l<gQ 

< Ce3(l + t)i/i"log(2 + t). 

The left side of ifTTTjl is controlled by 



(3.28) C sup Jy|(l + s + |y|)i+^zi-'^(s,H)( E Ir^^l)' E 1^' 

'^"-y)^^' |/3|<32 |/3|<60 

+ C sup Jy|(l + s+|y|)i+^zi-^(5,|y|)( E |r''"l)' E \^^'''\ 

{s,y)eD' |/3|<32 |/3|<61 

By (|3.3|) and H3.4I) . we see that the first term is dominated by 

Ce^ sup (#^)"7l + logi4^)^l + ^)^/-log(2 + .). 
{s,y)eD'^^ + s+\y\^ V z(s,\y\) J 
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As above, since (logx)^ /x^^f^ is bounded for x > 1 and /i small, we easily obtain the 
desired bound. For the second term in H3.28|l . applying H2.27II and (|3.t)|) we see that it is 
dominated by 



2 



Ceil + sup(l + s + lyD'+f^z'-^is, \y\) ( 

("'^^ |/3|<32 

Applying H3.3|l yields the desired bound H3.27|l and finishes the proof of (ii 



3.3. Proof of (iii.): In this section, we finish the continuity argument, and thus the 
proof of Theorem O by showing that (ESJl-lETIl follow from 

We begin with (jSiSl)- Outside of A/, log j^qtidd^L. is 0(l), and lE^l follows directly 
from l|3.3(l . Within A/, we have i « \x\, and H3.5|l follows from (|2.27(l and H3.2|l . 

Next, we want to show that the higher order energy bound H3.6|l holds. We will apply 
with 

(3.29) yJ^Jk^^ J2 B'j^fdiu'' -C^'^'^iu.u') 

1<K<D 
0<l<3 

and 

(3.30) ^ B\du) + P\u,du). 

In order to prove H3.6(l . by (|2.4|l . H3.2|l . and an induction argument, it will suffice to prove 
the following. 

Lemma 3.2. Assume that (|3.2|) - (|3.5|) hold and M < 70. Additionally, suppose that 

(3.31) J2 E{T''u,t) <Ceil + tf'+'' 

\a\<M-l 

with cr > 0. Then, there is a constant C so that 

(3.32) E{T''u,t) < Ceil + tf''+^'''. 

\a\<M 



Proof of Lemma iS.Si Since 

(3.33) l[°7-n^i|<C Y |r"n«l + C Y l^'^i^^d' 

\a\<M \a\<M-l |a| + |/3|<J\/ 

\I3\<M~1 

and since (|3.3|l and (|3.5|l imply that 

(3.34) J2 |r"7l < 

\a\<N 



U 
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for TV < 39, it follows from that 

(3.35) J2 dtEiT'^u.t) <C ^ ||r"B(dii)(i, • )||2 + C ^ ||r"P(w, • )l|2 

|q|<A/ |a|<A/ |a|<A/ 

+ C J2 \\^"Qidu,d\){t, ■)\\2 + C J2 \\^"Riu,du,d\){t, ■)\\2 

|a|<A/-l |a|<A/-l 

+ c \\r''ir^dM2 + —j E ^(r>0- 

\a\ + \/3\<M \a\<M 
\0\<M-1 

Note that it follows from (|3.5() that 

(3.36) \\^"B\du){t,-)h+ Y \\^''Q'idu,d\)it,-)h 

\a\<M |q|<A/-1 

|Q|<Af 

Additionally, by (|3.3|l . we have 

Y \\^"P\u,du){t, ■)\\2+ Y \\^"R'iu,du,d^u){t, ■)\\2 

\a\<M |a|<A/-l 

^ \\l + t+\x\J ^ ' 2 

|a|<M,|/3|<l ' ' 

Since the coefficients of F are 0(1 + t + it follows from H3.3|) that this is 

(3.37) <C£3(i + t)-3/2+ + c'e2ii±Ml±^ ^ £;(rVi) 

E ^^(r"«,0- 



|q|<A/-1 

Ce2(l + log(l + t))2 



^ ' \a\<M 

The ffi-st term on the right side corresponds to the case |a| = |/3| = on the right side 
of the previous equation. Similarly, the second term is for the case |/?| = 0, and the last 
term bounds the case |a|, \(3\ ^ 0. By a similar argument, the fifth term on the right of 
(|3.35() is also controlled by the right sides of H3.36I) and (|3.37|) . Thus, we see that 

(3.38) dtE{T'^u,t)<—-^ Y ^(r"",i) 

\a\<M \a\<M 



\a\<M-l 

Integrating both sides in t, applying the smallness assumption on the data (|1.14(l 
and the inductive hypothesis H3.31|l . and using Gronwall's inequality yields ()3.32|l as 
desired. □ 
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We are, thus, left with the task of showing H3.7|l . Applying ()2.6|) with u replaced by 
T"u, we see that the left side of (|3.7f) is controlled by 

(3.39) C(log(2 + i))^/'( E I|r"/ll2+ E I|r"5ll2+ f\\r''Ou{s,-)hds). 

\a\<66 \a\<65 |a|<65 ° 

By (|1.14|l . the first two terms satisfy the desired bound. Since 

(3.40) J2 lir"n«(s, •)ll2<c|| J2 r^'l E 

|a|<65 |a|<33 |a|<66 

+ ||(E r-l)' E |r"-l|L. 

|a|<33 |a|<67 

we may use (|3.3|l . (13.511 . and the fact that the coefficients of T are 0(1 + t + \x\) to see 
that the right side of H3.40|l is dominated by 

(3.41) ^ E \\r'^u\s,-)h + ce^^^^^f^^ E lirM^--)ll2 

|a|<66 |a|<66 

Plugging (|3.4U|I and (|3.41|) into (|3.39|) . we see that the third term of (|3.39|) is bounded 
by the right side of (|3.7|l by using (|3.3|l and (|3.6() . 

This completes the proof of (iii.), and hence the proof of Theorem II. 21 



4. Preliminary estimates in the exterior domain 



In this section, we will collect the exterior domain analogs of the estimates in Section 
2. Many of these estimates were previously established in ^7], [JT], and |2H|. The main 
new item will be the use of the pointwise estimates found in the second subsection. 

4.1. Energy estimates. We begin by gathering the estimates that we will need in 
order to show global existence in the exterior domain. These estimates are from Metcalfe- 
Sogge 23 (sse also ^?j), and unless stated otherwise, their proofs can be found there. 
Specifically, we will be concerned with solutions u E C°°(M+ x K-^y/C) of the Dirichlet- 
wave equation 



{□^u = F 
U\9K = 
u\t=o = /, dtu\t=o = g 

with D-y as in H2.1(l . We shall assume that the j^-^-^^ satisfy the symmetry conditions 
(|2.2|l as well as the size condition 

(4.2) E E h"^''it^'^)\U<S 

I,J=lj,k=Q 
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for S sufficiently small (depending on the wave speeds). The energy estimate will involve 
bounds for the gradient of the perturbation terms 

D 3 
I,J=1 j,kd=Q 

and the energy form associated with D-y, eo(u) — X^/Li 6o(w), where el{u) is given by 
(|Z3|)- 

The most basic estimate will lead to a bound for 

» M 

Emit) = EMiu){t) = / J2eoidiu){t,x) dx. 
j=o 

Lemma 4.1. Fix M = 0, 1, 2, ... , and assume that the perturbation terms ^^■■''^^ satisfy 
(12.2(1 and ((4.2|l . Suppose also that u G C°° solves ((4.1|l and for every t, u{t,x) — for 
large x. Then there is an absolute constant C so that 

M 

(4.3) dtE]!,\t) <cY,\\n,d'Mt, ■)h + C\W{t, ■)UE]!,\t). 

3=0 

Before stating the next result, let us introduce some notation. If P = P{t, x, Dt, D^) 
is a differential operator, we shall let 

1<I,.J<D 0<kd<3 

In order to generalize the above energy estimate to include the more general vector 
fields L, Z, we will need to use a variant of the scaling vector field L. We fix a bump 
function 77 S C°°(M^) with r]{x) = for a; G /C and r]{x) = 1 for |a;| > 1. Then, set 
L = r]{x)rdr + tdt- Using this variant of the scaling vector field and an elliptic regularity 
argument, one can establish 

Proposition 4.2. Suppose that the constant in (|4.2|) is small. Suppose further that 

(4.4) \\i{t,-)\\oo<5/{l + t), 
and 

(4.5) (ll^^a,^°7«(i, 0ll2 + ||[i^a,^7''afc5i]u(t, Olb) 

j+li<NQ+uo 

^TTt ^ lli^a^u •)ll2 + i?.o,^oW, 

j+ti<No+vo 

I-L<Uq 
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where Nq and Vq are fixed. Then 



1/2 



(4.6) l|iW(i, OIU 

\a\+tj.<No + iyo 

<C Yl \\L^'^'^Uu{t, ■)\\2 + C{l + t)^^ Y ( [ eo{L''diu)(0,x)dx\ 
+ C{l + ty'U' Y \\Lt^d''auis,-)hds+f'H,,^Nois)ds) 

•^0 |a|+M<Wo + <>o-l ° 

+ C{1 + t)^' f Y • )\\l-{\x\<i) ds, 

fi<i^o — i 

where the constants C and A are absolute constants. 

In practice Hi,gjyg{t) will involve norms of \L^^d"u'\^ with /i + \a\ much smaller 
than A^o + ^Oi f^nd so the integral involving -ffi/Q.jVo can be dealt with using an inductive 
argument and the weighted L^L^ estimates that will be presented at the end of this 
subsection. 

In proving our existence results for the key step will be to obtain a priori L^- 

estimates involving L^Z'^u' . Begin by setting 

(4.7) YN„,.,{t)^ I Y eo{L^Z''u){t,x)dx. 

\a\+ti.<Na + va 

We, then, have the following proposition which shows how the L^Z"u' estimates can be 
obtained from the ones involving L^d'^u' . 

Proposition 4.3. Suppose that the constant 5 in (|4.2|l is small and that (|4.4f) holds. 

Then, 

(4.8) 9tFjVo,.o < Cr^i'.o Y \\^-<L^Z'^u{t,-)h + C\\i{t,-)\\^YM,.,u, 



\a\+tJ.<No+vo 

ti<l'0 



c Y lliW(*'-)lli^(|.|<i)- 



|a|+M<JVo + i>o + l 

As in and J7] we shall also require some weighted iji^ estimates. They will 
be used, for example, to control the local norms such as the last term in H4.8|l . For 
convenience, for the remainder of this subsection, allow □ = 9^ — A to denote the 
unit speed, scalar d'Alembertian. The transition from the following estimates to those 
involving (|1.2() is straightforward. Also, allow 

St = {[0,r] X R3\/C} 

to denote the time strip of height T in M+ x M'^y/C. 
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We, then, have the following proposition which is an exterior domain analog of (|2.t)|) . 

Proposition 4.4. Fix Nq and vq. Suppose that JC satisfies the local exponential energy 
decay Suppose also that u G C°° satisfies u{t,x) = 0, t < 0. Then there is a 

constant C — Cmo,vo,K so that if u vanishes for large x at every fixed t 



(4.9) (log(2 + r))-V2 ^ ||(x)-i/2L^a"u'||i.(5,) 

\a\+tJ.<No+Vo 
li<vo 

<C r Y \\oL^^dMs,-)hds + C Y 



\a\+fj.<Na+iya + l \a\+fj,<No+iyo 



and 



(4.10) (log(2 + r))-i/2 Y \\{x)-"^L^^Z-u'U.(s^) 

\a\+ti<No+vo 

<C j V \\UL^'Z"u{s,-)\\2ds + C V \\^L^'Z"u\\L2 



|a|+/i<Afo+i'o + l \a\+n<NQ+ua 
tj.<uo ti<yo 

We end this subsection with a couple of results that follow from the local energy decay 

cm. 

Lemma 4.5. Suppose that (|1.11|) holds and that nu{t,x) — for \x\ > 4. Suppose also 
that u(t,x) = for t < 0. Then, if Nq and vq are fixed and if c > is as in (|l.ll|l . the 
following estimate holds : 



(4.11) J2 l|i^9"u'(t, •)|U2({K3\,:^|,|<4}) 

\a\+fi<No+i^o 

<C Y WLf^d^auit, ■)\\2 

\a\+fi<No+iyo-l 

+ C7 /"*e-(=/')(*-^) Y \\L^'d"Uu{s,-)\\2ds. 

° \a\+^i<No+iya + l 

To be able to handle the last term in H4.6|l . we shall need the following. 

Lemma 4.6. Suppose that (|1.11() holds, and suppose that u G C°° satisfies u{t, a;) = 
for t < 0. Then, for fixed Nq and vq and t > 2, 

(4.12) Y I l|i^5"u'(s, •)||L^(|x|<2)ds 

, . , .. Jo 



\a\+^I,<No+vo ' 



<C Y f (f •)llL^(||x|-(.-r)|<10)dO 

l„l_L„^Ar._L„.^i JO \J0 / 



\a\+t^<No+iyo + l 
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4.2. Pointwise estimates. Here, we will describe the various pointwise estimates that 
we shall require. These include variants of those of Keel-Smith-Sogge ^7] and Metcalfe- 
Sogge 1^ and exterior domain analogs of the estimates of Kubota-Yokoyama [51] . 

Let us begin with the former. We will need analogs of the pointwise estimates of J7] 
and [2HI that allow Cauchy data that vanishes in a neighborhood of the obstacle. That is, 
we will estimate solutions of the scalar wave equation with boundary (9^ — A)w{t, x) = 
F{t,x). Additionally, we will require that w{0,x) = dt'w{0,x) = if |a;| < 6, and 
F{t,x) = if |a;| < 6 and < t < 1- With these assumptions, we can greatly reduce the 
technical details involving the compatibility conditions. In the sequel, we will reduce our 
study to this case. Assuming, as we do throughout, that /C C {x € R'^ : |x| < 1}, we 
have 

Theorem 4.7. Suppose that the local energy decay bounds hold for JC. Addition- 

ally, assume that w{t,x) — for x £ dIC, w{0,x) — dtw{0,x) = for \x\ < 6, and 
F{t,x) = 0if0<t<land\x\<6. Then, if \a\ = M, 

(4.13) {l + t+\x\)\L''Z''w{t,x)\<C Il(a;>'+''''5f5f^'w'(0,^)ll2 

j + \l3\+k<u+M+S 

i<i 

+ c/7 E \L^Z^Fis,y)\'-^ 

Jo ^R^x'c |^|+^<j,,+,+7 \y\ 

\P\+tJ.<M+u+4 

fJ.<V+l 

Proof of Theorem \4. '1\ If w has vanishing Cauchy data with F{t, x) = for < t < 1 and 
X e M^\/C, H4.13|l follows from Theorem 3.1 in 28 . We, thus, may assume F{t, x) = for 
Q < t < oo and |a;| < 6 and that the Cauchy data is as stated above. The proof follows 
from the arguments of for the inhomogeneous case very closely. We include a sketch 
of the proof for completeness. 

We first note that if we argue as in ^7] (Lemma 4.2) we have 

(4.14) {l + t+\x\WZ''w{t,x)\<C Yl ll(a;>'+"''5f<9f+^w(0,a;)||2 

3 + \l3\+k<M+y+A 
J<1 




/i<i/+l 



+ C Y sup (l + s)|L^9'^u;(s,y)|. 

While the arguments in I17j are given for vanishing Cauchy data, straightforward modi- 
fications allow the current setting. 
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It remains to prove bound in the region \x\ < 2. We show 



(4.15) 

J2 sup {l + s)\Lf'd'^wis,y)\<C J2 \\{xy^^"^d^di+''w{0,x)\\ 



|/3|+Ai<M+iy+l ']^|<-2* j + |a|+fc<Af+iy+8 

fj.<i' j<l 



c fl \L'zPF{s,y)\ 



dy ds 



\P\+H<M+u+7- 
/i<!y+l 



To see this, write w = wq + Wr where wa solves the boundaryless wave equation {df — 
A)wo = F with initial data wo(0, •) — w(0, •) and dtWo{Q, ■) = dtw{0, •). If we fix 
T] e C^(M^) with r]{x) = 1 for \x\ < 2 and t]{x) = for \x\ > 3 and set w — rjwo + Wr, it 
follows that w = ill for |a;| < 2. Thus, it will suffice to show H4.15(l with w replaced by Hj. 
Notice that w solves the Dirichlet-wave equation 

{d^ - A)w = -2V7? • \7^wo - {At])wo 

with vanishing initial data since the support of rj does not intersect the supports of F, 
1^(0, ■ ) and dtw{Q, ■ ) and that this forcing term vanishes unless 2 < |a;| < 3. 

In order to complete the proof, we begin by noting the following consequence of the 
Fundamental Theorem of Calculus: 



sup 1(1 + s)Lf'df^w{s, y) I < C y sup / |(t9t-)^L^ 
|2/I<2 ^=oi\y\<2Jo 



d^w{T, y) \ dr. 



Using Sobolev's lemma and the fact that the Dirichlet condition allows us to control w 
locally by w' , we see that the left hand side of (|4.15|l is bounded by 



L^{M'^\]C,\x\<4)dT 



^ E E / \\{rdTyL>^d^wir,y)\\L^ 

|/3|+p<A/+i/+3i=0,l 

<C V f \\L''d^w'iT,y)\\mM.\ic,\.\<4}dr 

lal , ..^,.r , ., , Q "'0 



|/3|+M<M+i/+3' 



By (|4.11|l . it follows that the right side of the above estimate is controlled by 



Cj 22 WL'^d'^Wois, ■)\\La.^2<\x\<3}ds. 

\l3\+fi<M+u+5 
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From (|2.1U|) . H2.16|l . and the fact that 1/t < l/\y\ on the domain of integration in 
l|2.1U|l . we have 

(4.16) ||i^9'3^^o(s, •)IU°=(2<|.|<3) <C V / m'-VL'^d''wo)iO,y)\pr 



CJ2 f m'^L^d^womy)l 
l„l<2-^l--|y||<4 



dy 



12 



CJ2 f \{n"dtL^dPwo){0,y)\f^^ 

i„i<2^i-Mi<4 \y\ 



dy dr 



CJ2 f f \n'^id^-A)L^d('woir,y)\ 

|^|<2-'0 J\s-T-\y\\<4 \y 



Since the sets As = {y : |s — |y|| < 4} satisfy As n A's = if \s — s'\ > 10, if we sum over 
\(3\ + fi < A4 + ly + 5, fi < u + 1, and integrate over s G [0, t], we conchide that the left 
side of H4.15|l is controUed by 



fc+|/3|<M+i/+7' 



C Jix^d^d^^wMy)]^^ 

+c l{:crMd^d^wmy)\'^y 

k+\l3\<M+u+T' 

fC j{x)\%dPd1dtwmy)\^^ 



y? 



, 5rt,_ ,„Jo Jk.^\k \y\ 



dy ds 



\|3\+^i.<M+u+^ 

/x<i/+l 



Using the Schwarz inequaUty, (|4.15|) . and thus 14.13|l . follows. □ 

For the remainder of the estimates in this section, it will suffice to take w to be a 
solution to the following Dirichlet-wave equation with vanishing initial data. 

{{df - cjA)w{t, x) = F{t, x), {t, x) eR+x R^XK. 
w{t,x)^0, xedK. 
w{t,x)=0, t<0. 

In the sequel, we will reduce showing that 1)1. l|l has a global solution to showing that an 
equivalent system of nonlinear wave equations with vanishing data has a global solution. 
Since the previous theorem will suffice to make this reduction, it is unnecessary to consider 
nonvanishing Cauchy data in the subsequent estimates. 

We will need the following version of H4.13|l that does not require a loss of a scaling 
vector field on the right. 
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Theorem 4.8. Suppose that the local energy decay bound holds for IC. Suppose 

that w is a solution to (|4.17ll and \a\ ~ M . Then, 

(4.18) {l + \x\W-Z-w(t,x)\< f I Y W'Z''F{s,y)\^ 

\p\+i^<M+uo+6 



c / y wL^'df^Fi^s, oiil ■2({xm^\K : \x\<A})dS- 



\P\+u<M+iyo+3 

Here, we refer the reader to similar arguments in the previous articles of Keel-Smith- 
Sogge lU (Theorem 4.1), Metcalfe-Sogge EH| (Theorem 3.1), and the authors P7] 
(Lemma 3.3, Lemma 3.4). Since we are only requiring decay in the proof is based 
only on the Minkowski estimate 

t |a;| + (t-s) 

|a;||?i'o(i, a;)| < C / / sup |n?i'o(s, r6')| r dr ds 

Jo J\\x\-(t-.)\ \B\ = \ 

(4 19) ^ 

<c\ \ y |f^an^„(,,,)|^. 

Jo J{yGR3:|y|6[||x|-(t-s)|,|x| + (t-s)]}|^2 \V\ 

We, thus, do not require the additional L that appears on the right side of the estimates 
in ini, EHl, and E7|. 

Letting A/ be the small conic neighborhood of the characteristic cone \x\ = c/t for 
defined by (|2.19|l . we also have the following estimate when the forcing term is localized 
to such a region. This is an analog of (|2.24|) for the Dirichlet-wave equation. 

Theorem 4.9. Let w be a solution to l|4.17|l . Suppose that F{t,x) is supported in some 
A J for J 7^ /. Then, there are constants c, c', C > depending on c/, cj so that for t > 2, 
/, J= 1,2,...,A 

(4.20) {1 + t +1x1)11" Z''w{t,x)\ 
t 



<cf f E \L^Zf^Fis,y)\'-^ 

Jmax(0,c|cjt-|a;||-l) J\y\as |^|+^<|q|+^+3 12/1 

+ C Y ™P / \L''Z''F{s,y)\dy 

l/3|+A'<|a|+"^+6°-''- 

+ CSUP y r/ \L^Z^F{r,y)\^^ 

p<i/+l 

+ C sup (1 + s) \\L^d^F{s, ■ )||l=o(|,|<io). 

Here, as before, \y\ w s indicates that there is some positive constant c so that < \y\ < 
cs. 
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We shall need an analog of Lemma 12.31 the result of Kubota-Yokoyama for 
Dirichlet-wave equations. With z as in (|2.2U|) . we have 

Theorem 4.10. Let I = 1,2,... 13, and let w be a solution to (I4.17|) . Then, for any 
fi>0, 

(4.21) (1 + < + r) (l + log ^i±l±^^ ''iL-'-Z-wit, x) \ 

<Csnp\y\il + s + \y\y+^z'-^{s,\y\) ^ |L''Z^F(s, y)| 

^'^'^^ |/3|+i/<|a|+i'o 

i/<i/o 

+ Csup\y\il + s+\y\y+'^z'~^is,\y\) ^ \L-'d^dFis,y)\. 

|/3| + i/<|Q|+iyo+3 



The proofs of Theorem 14.91 and Theorem 14.101 are quite similar, and we will only 
provide the proof of the latter. In order to prove Theorem l4.9l we need only replace the 
applications of (|2.21|) by H2.24|) which is the appropriate free space analog of (|4.2U|I . 

Proof of Th.eorem \4.10\ We begin by claiming that 
(4.22) (1 + t + r) (l + log J-tl±l-^ ''\L!^Z^w{t, x)\ 

<Csnp\y\{l + s + \y\y+^z'-^is,\y\) ^ \L^zPF{s,y)\ 

^-y'> |/5|+i.<|q|+i/o 

+ C sup (l + s) \L''d^w{s,y)\. 

is,y),\y\<2 |^n.^<|„|+^„ + i 

Indeed, over |a;| < 2, the left side is clearly bounded by the second term on the right 
side since the coefficients of Z are 0(1) on this set. To see the estimate on |a;| > 2, we 
fix a cutoff function p G C°° where p{x) = for |a;| < 3/2 and p{x) = 1 for |a;| > 2. If 
we let Wj denote the solutions to the boundaryless wave equations {d^ — c'jA)wj — Gj, 
j — 1,2 where Gi = p{df — c'jA)w and G2 = — 2cjV/9 • V^^u; — c'j{Ap)w, we see that 
w = wi + W2- Since [□, Z] — and [0,L] = 20, we can establish the bound for the wi 
piece by applying (|2.21|) . Arguing as in Lemma 4.2 of Keel-Smith-Sogge ^7], we see that 
the W2 term is bounded by the second term on the right side of 14.2211 . 

To finish the proof, it thus suffices to show 



(4.23) sup (l + s) J2 \\I^''d'^w(.s, ■)]] 



|/3|+i/<|a|+z.o + l 



L-(|a;|<2) 



< C sup |y|(l + s + \y\y+^z'-^{s, \y\) ^ |L''F(s, y)\ 



' sup 



+ Csup|2/|(l + s + |y|)i+^zi-^(s,|2/|) ^ |L''9%F(s, y)|. 

|/3|+zy<|a|+i/o+3 
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When F{s,y) = for \y\ > 10, we can apply the foUowing lemma, which is essentially 
Lemma 3.3 from |27| . 

Lemma 4.11. Suppose that w is as above. Suppose further that {df — c'jA)w{s,y) — 
F{s,y) = if\y\ > 10. Then, 

(4.24) (l+t) sup \L''d'^w{t,x)\ <C sup ^ (1 + s)\\L^'d^ F{s, ■ )\\2. 



Since F is supported on \y\ < 10 and since \y\ is bounded below on the complement 
of /C, it follows that this term is controlled by the right side of l|4.23|l . 

We also need an estimate for solutions whose forcing terms vanish near the obstacle. 
Assume now that F{s,y) — for \y\ < 5 and write w = wq + Wr where wq solves 
the boundaryless wave equation (df — c'jA)wQ — F with vanishing initial data. Fixing 
rj e C^(M^) satisfying ri{x) = 1 for |a;| < 2 and ri{x) = for |x| > 3 and setting 
w — tjwq +Wr, we see that w = w on |x| < 2. Since li solves the Dirichlet-wave equation 

(dt - cjA)w = -2ciVri ■ V^wo - cj{Arj)wo = G 

and G vanishes unless 2 < |a;| < 3, we may apply Lemma [4. Ill to see 



(l + t)sup Yl \L''d'^w{t,x)\<{l+t) sup \L''d'^w{t,x)\ 

l^l<2 \f3\+u<\a\+^o + l I^K^ \l3\+u<\a\+uo + l 

<C sup Y il + sWd^w'o{s,-)h^^\,\^,) 



+ C sup (1 + s) V WL^wais, ■)\\l'^{\x\<3)- 
o<s<t ~r 

We thus see that (I4.23f) follows from an application of (|2.21|l . □ 



4.3. Sobolev-type estimates. In this subsection, we state the exterior domain analogs 
of Lemma 12.81 that we will require. The proofs of the relevant extensions to the exterior 
domain can be found in [57j (Lemma 4.2 and Lemma 4.3). 

Lemma 4.12. Suppose that u{t,x) e C^(M x M'^\/C) vanishes for x G dlC. Then, if 
\a\ = M and v are fixed 

(4.25) \\{cit-r)L''Z°'d'^u{t, ■)\\2<G ^ \\L^'Z^u'{t, ■)\\2 

p<i/+l 

+ C \\{t + r)L^^Z^{d^,-c]A)u{t,-)h + G{l+t)YWu'{t, ■)\\lHM<2). 
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and 

(4.26) r^'^^\cit-rY-'^\dL''Z'^u[t,x)\<C ^ WL'^Z^u' {t, ■)\\2 

\l3\+tJ.<M+v+2 
/j<i/+l 

+ C \\{t + r)L^Z''{d^-cjA)u{t, •)||2 + C(l + i)^||W(t, OIlLo^d.Ks) 

\l3\+fj.<M+u+l ii.<v 

for anyO<e < 1/2. 



5. The continuity argument in the exterior domain 



In this section, we will prove the main result, Theorem 11.11 We shall take N — 322 
in the smallness hypothesis H1.12() . This can be improved considerably, but here we will 
take such a liberty in order to avoid unnecessary technicalities. 

Our global existence theorem will be based on the following local existence result. 

Theorem 5.1. Suppose that f and g are as in Theorem \l.l\ with N > 7 in (|1.12|l . Then, 
there is a T > so that the initial value problem ()l.lf) with this initial data has a 
solution satisfying 

L°°([0,T];i7^(R3\/C))nC°'i([0,T];F^-i(R3\/c)). 

The supremum of such T is equal to the supremum of all T where the initial value problem 
has a solution with d^u bounded for all \a\ < 2. Also, one can take T > 2 if 
11/11//" + llsl!//"-! "i-s small enough. 

This is essentially from Keel-Smith-Sogge (Theorem 9.4 and Lemma 9.6). These 
were only stated for diagonal single-speed systems. Since the proofs relied only on energy 
estimates, the results extend to the current setting provided (|1.7|l and (|1.8I) hold. 

Prior to setting up the continuity argument, it is convenient to reduce to an equivalent 
system of nonlinear equations with vanishing Cauchy data. By doing so, we will avoid 
complications related to the compatibility conditions. We first reduce to an equivalent 
system of nonlinear equations whose data vanish in a neighborhood of the obstacle. 
Initially, we note that if e in H1.12|l is sufficiently small, then there is a constant C so that 



(5.1) sup V |19"u(t, •)||i2(|^|<io) < Ce. 

This, again, follows from the local existence theory (see, e.g., JS]). On the other hand, 
over {t e [0,2]} x > 6}, by finite propagation speed, u corresponds to a solution of 
the boundaryless wave equation Ou = F{u, du, d^u). If we take N — 322 in H1.14|l . it is 
clear that the analogs of (|3.4|) and H3.6|) yield 
(5.2) 

sup V ||L''Z"7/'(t, •)||l^(|x|>6)+ sup (l + t + |a;|) V \L^ Z^u{t,x)\ < Ce. 

0<t<2 , , , ,„„, 0<t<2 , , , 
|q|+M<321 |-|^g |q|+^<311 

Here we have used our assumption that K, C < 1}. 
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We will use this local solution to set up our reduction. First, we fix a cutoff function 
77 e C°°(M X R3) satisfying r]{t, x) = I if t < 3/2 and |x| < 6, r){t, • ) = for t > 2, and 
ri{ ■ , x) = for |x| > 8. If we set 

it follows that Duo = riF{u,du,dPu) + [U^rj\u. Thus, u solves for < t < T if and 
only if w = u — Wo solves 



(5.3) 



for < i < T. 



' Uw = (1 - ri)F{u, du, d^u) — [□, rj\u 
w\dK = 

«;(0, •)-(i-^)(o, •)/ 

ta,u;(0, •) = (!- ^)(0, - I? -%(0, •)/ 



We now fix a smooth cutoff function /3 with jj(t) = 1 for t < \ and = for t > 3/2. 
If we let V be the solution of the linear equation 



(5.4) 



' Ov = l3{l - r])F{u, du, d^u) - [□, rf\u 
v\dK = 

z;(0, •) = (!- r;)(0, •)/ 
ydtv{Q,-) = {l-T^){Q,-)g^ijt{G,-)f, 



we will show that there is an absolute constant so that 

(5.5) {l+t+\x\) \L^Z^vit,^)\+ E \\L''Z^v'{t,-)h 

Ai+|q|<302 /j+|a|<300 

+ (log(2 + t))-^ E II {^y^L^Z-v'U.^s.) < C2S 

Ai+|q|<298 



where, as above, Sf = [0, t] x R'^\/C denotes the time strip of height t. 
Indeed, by H4.13|l . the first term on the left side of (|5.5I) is bounded by 



(5.6) c E ll(^)^+i^iafaf+^«(o, OIU 

j+|/3|+fc<310 

i<i 



|a|+/x<309 



|/3|+^<309 



/ E l|-^''9'^P,??]w||L2({;reB3\/C:|a;|<2}) rfs- 



|/3|+M<306 

It follows from (|1.12|) that the first term in H5.6|) is 0{e). Since [D,??]!* vanishes unless 
t <2 and < 8, the last two terms in (|5.6|l are also 0{e) by (|5.1|) . Thus, it remains to 
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study the second term in H5.6|l . This term is bounded by 



Jo •^|y|>6|„|+^<3io \y 



dy ds 

dy ds 



C 



"'0 "'l!/l>6 |„|+^<3ii 



This is also clearly 0(e) by (|5^ . 

For the second term on the left of H5.5|l . we use the standard energy integral method 
(see, e.g., Sogge [37j, p. 12) to see that 



dt E l|i^^V(t, Oil 

|q|+Ai<300 



<C( E \\L^Z'^v'{t,-)h)[ E \\L^Z'^Uv{t,-)\ 

|q|+Ai<300 |a|+^<300 

C V 1/ doL''Z°'v{t, ■)\/L''Z°'v{t, ■) ■ nda 



|a|+/i<300 

where n is the outward normal at a given point on dlC. Since K, C {|a;| < 1} and since 

Uv = f3{t){l - T])au - p,-q]u, it follows that 



(5.7) E \\L^Z'^v\t,-)\\l<C E WL'Z'^v'iO 

/^+|q|<300 |q|+m<300 



1 ■ /III 



cU E \\L^Z'^P{s){l-Ti){s.,-)F{u,du,d''u)[s,-)\\2ds^'' 

° |q|+Ai<300 

C{f^ E WZ%-[U,r^]u){s,y)hds)' 

-C f E l|iW(., Olli^d.KDds. 



|a|+M<300 



|a|+/i<301 

The first term is 0{e) by (|1.12l) . Since [D,??]?/ is compactly supported in both t and x, 
the third term in the right of (|5.7() is also 0(e) by (|5.1|l . Using the bound that we just 
obtained for the first term in the left of IjS.SI) . it follows that the last term in (|5.7|l also 
satisfies the desired bound. We are left with studying the second term in H5.7|l . This is 
clearly controlled by 



C 



(/ E iiii"^""'(-^, oniL^d.^e)^^ 

|a|+/i<301 

+ C[j^ E \WZ^^u{s,-)\^L^^y,\^,)ds 



|Q|+/i<302 

These terms are also easily seen to be 0(e) by (|5.2|l . which establishes the estimate for 
the second term in (|5.5|l . 
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Finally, it remains to show that the third term on the left side of (|5.5fl is 0(e). To do 
so, we first notice that by H4.26|l we have 

(5.8) r(c/t-r>i/2|9L^Z"w^(i,a;)| < C ^ WL"" Zf^v' (t, ■)\\2 

|/3|+iv<300 

+ C \\{t + r)L''Z^\df~cjA)v\t,-}h + C{l + t)Y^ ||iV(t, • )IU'»(N<2). 

\0\+u<299 i/<298 

for /_*+ |a| < 298. The first and last term on the right side of H5.8|l are clearly 0{e) by the 
bounds for the first two terms in the left side of H5.5() . Since = /3(1 — ri)Du — [□, yyju, 
the second term on the right of (|5.8(l is controlled by 

C Yl S'-iP \\{rWZ^u'{t,-)mLH\.\>6) 

|/3|+i/<300°-*-^/^ 

+ c Y s'-ip 11(01^'^ ^M^, ■)l'IU^(i.i>6) + c ^ sup ||a,>|U2(|,|<8). 

|/3|+i/<30l''-*-^/^ |a|<300°-*-^ 

This is also 0(e) by l|5.1|l and (|5.2|l . Thus, we have 

(5.9) Y r{cit-ry/'^\dL^'Z°'v^{t,x)\ <Ce. 

/i+|Q|<298 

In order to use this to bound the last term on the left of (|5.5|l . notice that we can 
write 



(5.10) 

\^ 1 1 /_\ — 1 /2 7" M ^a„y II 2 \ ^ / 1 1 7" M vCK^y / „ \| 

L2(|a;|>Cis/2) 



/i+|a|<298 /i + |Q|<298 



M+|a|<298' 

By the bound for the second term on the left side of l|5.5|) , the first term in H5.10|l is clearly 
controlled by Ce^ log(2 + t). If we apply H5.9|l to the second term in (|5.1U|) . assuming as 
in §4 that the wavespeeds satisfy < ci < C2 < • • • < cd , we see that it is controlled by 

Ce' / IK 



This is easily seen to be bounded by Ce^(log(2 + t))^, which completes the proof of (|5.5|l . 

The bounds (|5.5|l will allow us in many instances to restrict our study to w — v which 
is the solution of 

{ □(?!)- w) = (1 -/?)(! - r])F{u, du, (fu), {t, x) e R+ X R3\/C 
{w-v){t,x)^Q, xedIC 
{w-v){t,x) = 0, t<0. 

Here, as mentioned earlier, we have vanishing Cauchy data, which allows us to avoid 
technical details involving the compatibility conditions. 

Depending on the linear estimates we employ, at times we shall use certain and L°° 
bounds for u while at other times we shall use them for w—v or w. Since u — {w~v)+v+uo 
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and Up 1 satisfy the bounds (|5.1|) , H5.5|l respectively, it will always be the case that bounds 
for w — V will imply those for w which in turn imply the same bounds for u and vice 
versa. 

We are now ready to set up the continuity argument. If e > is as above, we shall 
assume that we have a solution of our equation for Q <t <T satisfying the following 
dispersive estimates 

l + t+|a:| 



(5.12) [i + t+\x\) \Z''w\t,x)\<Aoe(l + \ogj 



+ \cit-\x\ 



|q|<201 

l + t+\x\ 



(5.13) (l + i+|a;|) ^ \L'' Z'^w\t,x)\ < Aie{l + tf"+^' {l + log - 



- , |c/t — \x\ 

|q| + i/<190 ' ' ' 



(5.14) (l+i+|a;|) ^ \L'' Z''w\t,x)\ < A2e{l + tf'-'+''^ {l + log - 



l + t+\x\ 
_ + Ic/t — \x\ 

v<M 



(5.15) {l + \x\) J2 \L''Z-w\t, x)\ < A,s{l + tr^[l + log ^ ^I^'^JIm ) 

|a| + i'<180 
iy<N 



(5.16) (1 + 1x1) Y \L''Z''w'{t,x)\<A^eil + ty'«'(l + logj 

\a\ + iy<255 

(5.17) {l + t+\x\) Y \Z''w'{t,x)\<Bie 

|a|<200 

for M = 0, 1, 2 and = 0, 1, 2, 3, and the following energy estimates 

(5.18) WZ''w'{t,-)h<A^e 

\a\ + u<220 

(5.19) Y Wu'{t,-)h<B2e{l+tf' 

|a|<300 



\cit- 

l + t + |a:| 
+ \cit — \x\ 



(5.20) Y \\L''Z-^u'[t,-)\\2+ Y \\{x)-''^L^Z-^u'U.^s.)<B,e{l + tf 
(5.21) 



\a\+v<202 |Q|+iy<201 



Y \\L-Z-u\t, • )ll2 + Y II i^r'^'L-'Z-u'h.^s,-, < B,e{l + tf 



|Q|+i^<297-8Ar |q|+i/<295-8A'' 



As before, the norms are taken over M'^y/C, and the weighted L^L^-norms are taken 
over S't = [0, t] X 
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In H5.19|l . C is independent of the losses (Xm, i>M, cm, o,au and c'^^. The other 
associated losses satisfy 

(5.22) AM < hi < CM < OA/ < 6m < c\j < aA/+i 

for M = 1,2,3, and 

C 'ti ao — Co — ao c'q 'ti di. 

It is worth noting that (|5.14(l . H5.17|l . (|5.18|l . (|5.19(l . and H5.21|l are the estimates 
that made up the simpler argument in the preceding paper (27 . H5.12|l is the main new 
estimate required in order to handle the higher order terms that do not involve derivatives. 
The remaining estimates are technical pieces that are needed (or convenient) to make the 
argument work. 

In the estimates (|5.12ll - (|5.16ll and H5.18|l . we take Aj = AC2 where j = 0, 1, . . . , 5 and 
C2 is the uniform constant appearing in the bounds (|5.5() for v. If e is small, all of these 
estimates are valid for T = 2 by Theorem 15. II With this in mind, we shall prove that for 
e > sufficiently small depending on Si , . . . , ^4 

(i.) ifO^ - lfO^ and (O^ are vahd with Aj replaced by Aj/2; 

(a.) H5.17|l and H5.19p - H5.2ip are a consequence of (|5.12|) - H5.16(I and (|5.18|l for suitable 
constants Bj. 

By the local existence theorem, it will follow that a solution exists for alH > if e > 
is sufficiently small. We now explore (z.) and (ii.) in the next two sections respectively. 



6. Proof of (i.) 



In this section, we will show step (i.) of the proof of Theorcm ll.il Specifically, we must 
show that (|5.12|) - l|5.16|l and (|5.18|) hold with Aj replaced by Aj/2 under the assumption 

of inisi-iEiii- 

6.1. Preliminaries: We begin with some preliminary estimates that follow from (|5.12(l - 

First, we shall prove that if |q:| + < 270, ly < 2, then there is a constant b so that 

(6.1) {ry/^+^(cit~ry-'>\L''Z"du\t,x)\<Ce{l + tf', < < 1/2 
for any < 6* < 1/2. Additionally, 

(6.2) \\{t + r)L''Z"au{t, ■)\\2< Ce{l+tf'. 
for \a\+iy < 271 and v < 2. 
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By (EH) follows from (jCT^ . and (^3. It, thus, suffices to show (|^ . 

To do so, notice that the left side can be controlled by 

(6.3) C\\[{t + r) J2 \L-Z'^u'it,-)\) \L'' Z^u' {t, ■)\ 



|a| + i/<190 
v<2 



|a|+!^<272 
j<2 



C 



{t + r)( \L'^Z-u{t,-)\) iL'-ZMt,-)] 



|a| + i/<190 
i/<2 



|q| + i/<273 
i^<2 



For the ffi'st term, if we apply (|5.13(l . we establish the bound 

Ce(l + t)^^^(l + log(l + i)) Y WL'Z'^u'it, ■)\\2. 

|a| + i/<272 
i/<2 

The desired estimate for the first term, thus, follows from H5.21(l . 

For the second term in we will again apply H5.13|l . Since the coefficients of 

r = {L, Z} are 0{t + r), it follows that this term is controlled by 

C£2(log(2 + <))2(l + if^3eJ ^ \\L'^Z'^u'{t,-)h + \\{t + r)-^u{t,-)h 

|a|+!v<272 
i/<2 

The desired bound then follows from H5.12|l and (|5.21() . thus completing the proof of 

We will argue similarly to show a lossless version of (|6.1|l and H6.2() that does not 
involve the scaling vector field L. In particular, we shall prove, for |q!| < 218 and any 
0<e < 1/2, 

(6.4) r(i/2)+«(c/t - ry-''\Z'^du\t, ■)\<Ce, 
and for |a| < 219, 

(6.5) \\{t + r)Z''au{t, ■)h<Ce. 
As before, follows from (ESJ by KTE^ . (jFTfjl . and 

In order to show Hfi.5|l . we again expand the left side to get the bound 



(6.6) c (i+r) J2 1^""' E 

|a|<190 |a|<220 

+ C||(i + r>( E 

|a|<190 



|q|<221 



By (|5.1|) . H5.17|l and H5.18|l . the ffist term is 0(e) as desired. Applying H5.1|) and H5.12|l 
to the second term in H6.6|) . we see that it is dominated by 

Ce2(l + log(l + t))2 Y \\{t+\x\)-'\ZMt,-)\h- 

|a|<221 

By (|5.1|) and (|5.14|l . it follows that this term is 0(e) if e > is sufficiently small. This 
completes the proof of (|6.5|) . 
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Notice that and Ht).4|l hold when u is replaced by w — v. Indeed, since \L^^ Z"-n[w — 

^)l ^ Z]|/3|+i'<|a|+A' \L''ZPUu\, Ht).2|l and Ht).5|l hold with w — v substituted for u. Thus, 

i/</i 

the appropriate versions of H6.1|l and H6.4|l are consequences of (|4.26() , (|5.1|l , H5.5|l , H5.13|l , 
(ICTtIi . I^rm and 



6.2. Proof of (|5.12|) : Assuming (|5.12|I - H5.21|I . we must show that H5.12|l holds with Aq 
replaced by Aq/2. Since the better bounds H5.5|l hold for u, it will suffice to show 

(6.7) {l + t + \x\) \z-{w-vY{t,x)\<Ce\l + \og^±^±^ 

|a|<201 '''^ 

Fix a smooth cutoff function yyj satisfying rjj{s) = 1 for s E [{cj + {cj — 

(5/2))"!] with ,5 = (1/3) min(c/ - c/_i), and r?j(s) = for s ^ [(cj + 6)-\{cj - 6)-^]. 
Then, set pj(t,x) ~ rij{\x\^^t\ Since we may assume that G /C, we have that |a;| is 
bounded below on the complement of /C, and the function pj is smooth and homogeneous 
of degree in (f, x). Clearly, pj is identically one on a conic neighborhood of Wx\ — cji}, 
and its support does not intersect any {|x| = c/i} for I ^ J. Let 

(6.8) ^ P-^ E B'ff^diu'd.d^u' ^ PJ A'jfd,u-'dku\ 

1<J<D 0<j,k,l<3 0<i,fe<3 

and set & ^ - . 

By (|4.20|l and (|4.21() , we have that the left side of H6.7|l is bounded by 



(6.9) C 



Jmax(0,c|c/t-|a;||-l) J\y\sis |„|_|_^<204 

i/<l 

+ C Y ™P / \Z''F'{s,y)\dy 
, 7~r„, o<s<tJ 



|q|<207 



C sup r f Y \L''Z"F'{T,y)\ 



dy dr 



iy<l 

+ Csup(l + s) V ||9"F^(s, OIU-d.Kio) 

|a|<204 

+ c(l + log^l±^±i^)supM(l + ,s+|y|)i+'^zi-^(.,M) J2 
I'^-f 1^1 1 is,y) |q|<201 

+ C(l + log ^1 ^ ) sup bKl + s + |y|)i+^zi-^(., |y|) ^ r9G^(s,y)|. 

+ |C/ Fll (s,a) |a|<204 

We need to show that each of these terms is bounded by Cs^ ^1 + log jipj^j^ryjij^ ■ 
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For the first term in (|6.9|) . it follows immediately that we have the bound 
C [ j iL'^Z^du'^l'^ dyds 

Jmax(0,c|cjt-|2;||-l) 1 + « J\y\ais |„|4.y<205 

1+t 



2 



<c(l + log + ) sup WZ^u'{s,-,,^ 

V I + \CTt - \x\\J n<«<f . 



+ c/i — \x\\J Q<s<t 



The desired bound follows from (|5.1|) and (|5.18(l . The third term in H6.9|l can be han- 
dled quite similarly. The second term above is easily seen to be O(e^) by the Schwarz 
inequality, H5.1|l . and (|5.18(l . The fourth term above is bounded by 



sup(l+<)|| Y \d°'du-^\ Y 1^"^"' 

|q|<103 |a|<205 



0<s<t 



If we apply (|5.1|l and (|5.17|) . this is controlled by 

Ce sup Wu'Woo- 

|q|<205 

Thus, by Sobolev's lemma, (|5.1|) . and H5.18|) . we see that this term is also O(e^). 
It remains to show that 

(6.10) sup 1^1(1 + s + |j/|)i+^zi-''(s,|2;|) ^ \Z'^&{s,y)\ 

|a|<201 

+ sup|y|(l + 5+|y|)i+^zi-'^(s,|y|) Y \d''d&{s,y)\ 

|a|<204 

is 0{e^). 

When is replaced by the null forms 

Y A]fd,u^dkU^+ Y BY/'^diu^djdkU^, 

0<j,k<3 0<j,k,l<3 

we can apply (|2.25|l and H2.26|l to see that (|6.1U|) is controlled by 

(6.11) Csup(l + .s+|y|)i+^zi-^(s,|2/|) Y IL" Z'^u' is,y)\ Y \Z''du' is,y)\ 

("■'^^ |q| + i/<207 |q|<206 

+ Csnp\y\il + s+\y\rz'-'^is,\y\){cis~\y\) Y E \Z"du' {s,y)\. 

|a|<103 |a|<206 

For the first term, if we apply (|5.1|l and (|5.14(l . we get the bound 

Cesup{l + s+\y\)^'+''■''+z^-^'{s,\y\) Y \Z°'du^\. 

^^^y^ |a|<206 

If /i and e are sufficiently small, the desired O(e^) bound follows from H6.1|) . Indeed, if 
(s, |y|) e A/, then z(s, \y\) = {cjs — \y\) and \y\ > (1 + s + \y\). On the other hand, if 
(s, |y|) ^ Aj, then {as ~ \y\) > {s + \y\) and {y^-^ > z^-^^s, \y\). 
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For the second term in Ht).ll|l . we apply (|6.4|) to obtain the bound 
Cesup 1^11/2(1 + 5+12/1)^^1-^^(3,12/1) \Z''du'\. 

'^'2/) |q|<206 

Using considerations as above, this is 0{e'^) by a subsequent appHcation of H6.4|l . 
When is replaced by 

l<J<D0<j.k.l<3 l<J<D0<j.k<3 

(|6.1U|) is dominated by 

C Y sup M(l + =s + |j/|)i+^zi-^(s,H)( Y \Z"du-'\ 

l<J<D^''-y^'^^-' |q|<206 

Since {cjs — |y|)i-^ ^ + lyl)"""^^ ^ z^^'^{s, \y\) on the support of (1 — pj), these terms 
are 0{e^) by two applications of H6.4() with 9 — 0. 

If in H().1U|I is replaced by the remaining quadratic terms 

1<J.K<D 0<j,k,l<3 1<J,K<D 0<j,k<3 

we see that it is bounded by 

(6.12) G Y sup|y|(l + ,s + |y|)i+^zi-^(s,|y|) ^ \Z'^du'\ ^ 

l<,/.i<-<D |q|<206 |q|<206 

If {s,y) ^ A J U A A', then we can argue as in the previous case to see that this is 0{e'^). 
Thus, let us assume that {s,y) £ Aj, and hence {s,y) ^ Ak- The reverse case will follow 
symmetrically. For such {s,y), we have z^~'^{s, \y\) — {cjs — |y|)i-^. Thus, by (|6.4() . we 
see that in this case (|6.12|) is controlled by 

Ge Y Slip lyr/'"''(i + -^ + lyl)''''' E iz'^du^'i 

IKKKD^'^'V^'^^-' |a|<206 

Since {cks — \y\) > (s + \y\) and \y\ « s on Aj, the desired 0{s'^) bound follows from 
(lOll . 

Finally, when G' is replaced by the cubic terms + , Ijti.lOl) is dominated by 

(6.13) Gsnp\y\il + .s + \y\y+^^z'~^{s,\y\)( ^ |Z"u(s,y)|)' 

^"'V^ V|<201 

+ Csup|y|(l + s + |y|)i+^zi-^(s,|y|)( ^ E 2/)l- 

|q|<104 |q|<206 

By the inductive hypothesis (|5.12|) . the first term in H6.13|l is controlled by 



Ce sup r-rr, — I 1 + log , , ,^ 
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Since {\ogx)^/x^ ^ is bounded for a; > 1 and /i < 1, it follows that this term is 0{e^). 
For the second term in Ht).13|l . by Ht).4|l . we have the bound 

C£Sup|y|i/2-M(i + ,+ |y|)i+Mr J2 \Z-u{s,y)\y. 



This term is then easily seen to be O(e^) by (|5.1|l and H5.12II which completes the proof. 



6.3. Proof of H5.13|l : In this section, we show that if you assume H5.12|l - (|5.21|l . then you 
can prove H5.13|l with Ai replaced by Ai/2. By the arguments in the previous section, 
this clearly holds when M = 0. As before, by (|5.5|l . it suffices to show 



(6.14) (l + log^l±^-^)"'(l + t+|x|) J2 \L''Z'^{w-vyit,x)\ 

iy<M 



Sin ce a{w - v) = {1 - - r]) Du = (1 - - + Q + R + P), hy and 
(|4.21|l . we see that the left side of H6.14|l is dominated by 



(6.15) cj^ iL'Z'^iB' + Q')is, 



y)\ 



dy ds 



|a| + i/<197 

u<M+l 



Csup|2;|(l + 5+M)i+^zi-'^(s,H) \L''Z^{R' + P'){s,y)\ 



|a| + i'<190 



Csup|y|(l + s+|j/|)i+^zi-'^(s,|y|) ^ \L'' d'^d{R' + P'){s,y)\. 



|a|+i'<193 
i'<M 



Here we have used the fact that the last term in (|4.13|) is controlled by the second term 
in the right of H4.13|l using Sobolev estimates and the fact that we may assume G /C 
without loss of generality. 

By (|1.4|l and (|1.5|l . we have that the first term in H6.15|l is dominated by 



c Y Wi^r'^'L'^z-uTms.y 

|q| + !/<198 
i^<M+l 



It, thus, follows from (|5.2U|) that these terms are bounded by Ce^(l + t)^"**+'^^ as desired. 
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The last two terms of (|6.15ll are controlled by a constant times 
(6.16) sup\y\{l + s+\y\y+'^z'-^^{s,\y\)( ^ ' ^ \L''Z'^u{s 



|a|<190 |a| + i/<190 

iy<M 



+ sup|y|(l + ,s+|y|)i+^'zi-^'(s,|y|)( ^ \rZ-u{s,y)\ 

|q|+i/<190 



i/<Af-l 



+ sup|y|(l + s+M)i+^zi-^(s,|y|)( ^ iL-^Z^s, y)|) E t 

('^'^^ |a|+!/<190 |Q|+i/<195 

For the first term in H6.16|l . we apply 15. 1|) . H5.12|l . and IjS.l^H to obtain the bound 



If we apply (|5.13l) and argue similarly, it follows that the second term is controlled by 
Ce^{l + 1)^^"'^. Finally, for the third term in H6.16|l . we first apply (|6.1|) to see that it is 
controlled by 

C£ sup Mi/2-^(l + s+|y|)i+^(l + s^^( J2 \L''Z'^u{s,y)\ 

(^'\y\'> iQi+i/<i9o 

i/<M 

It, thus, follows from the inductive hypothesis (|5.13|l that this term is 0{e^) if e > is 
sufficiently small, which completes the proof of (|5.13(l . 

6.4. Proof of (|5.14|) : In this section, by proving 
(6.17) 

(l + logj^i^^^^) \l + t+\x\) J2 \L''Z-iw~vy{t,x)\<Ce'{l + t)''-'^^^, 



|a|+i^<255 



we show that holds with A2 replaced by A2/2 for M 0, 1, 2. 

Here, again, we apply H4.13|l and H4.21|l to see that the left side of (|6.17|) is controlled 

by 

dy ds 



(6.18) C j 1 \L''Z'^{Q' + B'){s,y)\ 



\a\+u<262 
u<M+l 



\y\ 



C sup 1^1(1 + s + |j/|)i+'^zi-^(s,|y|) \L''Z"{R' + P'){s,y)\ 



^"^y^ |a| + i/<255 



+ Csup|y|(l + s+|y|)i+^zi-^(s,|2;|) ^ \L'^ d'^diR' + P'){s,y)\. 



^'^'y') |a| + i/<258 
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The first term is controlled by 

|a|+y<263 
u<M+l 

by (|5.21(l . For the last two terms in H6.18(l . which involve the cubic nonlinearities, we 
have the bound 



(6.19) CsupM(l + .s+M)i+^zi-'^(s,H)( ^ \Z"uis,y)\) J] \L'' Z'^u{s,y)\ 

•^"'^^ |q|<131 |a|+!v<255 

j/<M 

+ CsupM(l + s+|2/|)i+''zi-^(s,|y|)( Yl \L-Z'^uis,y)\y ^1 \L'' Z'^u{s,y)\ 

('''^^ |a|+i/<131 \a\+v<255 

v<M v<M-l 

+Csup|y|(l+s+|2/|)i+^zi-^(s,|y|)( ^ \L'^ Z'^u{s,y)\f ^ \L'^ Z'^u' {s,y)\. 

'^'■^^ |a|+y<131 |Q|+iy<260 



Using the fact that (logx)'^/a;^ ^ is bounded for x > 1 and /i < 1, the first term is 
dominated by Ce^(l + t)^'-'+^^ by and (EHH). Similarly, using (|5.13l) and (|5.14l) . 

the second term is controlled by C£^{1 + t)2fcM+ie+fcM£^ Again arguing as in the proof 
of H5.13|l . the final term in H6.19|l is easily seen to be ©(e^^) if e > is sufficiently small 
using H6.1|l and H5.13(l . This completes the proof of H6.17(l . and hence, that of H5.14|l . 



6.5. Proof of l|5.15(l : In the proof of part (ii.), we will require pointwise estimates that 
allow up to three occurences of the scaling vector field L. This is not the case for the 
previous estimates due to the loss of an L associated to (|4.13|) . Here, we may argue as 
in the proofs of the previous esimates (in particular, that of (|5.13|) 'l replacing (|4.13|) by 

Clearly (|5.15(l holds when = by (|5.12|l . Thus, by H5.5(l . in order to show that 
(|5.15|l holds with replaced by A'i/2, it suffices to show 



(6.20) (l + log- 



l + t + 



\cit- 



E 

|q| + i'<180 
i/<A' 



\L''Z'^{w~vY{t,x)\ < Ce^{l + ty 



for N = 1,2,3. 
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Since a{w - v) = {1 ~ f3){l - r])au = {1 - (3){1 - r]){B + Q + R + P), by and 
(|4.21|l . we see that the left side of Ht).20|l is controlled by 



(6, 



21) ^ /V E iL'-Z^iB' + Q'){s,y)\ 



dy ds 



\a\ + u<lS6 



CBn^\v\{l + s + \y\Y+^z^-^^{s,\y\) ^ \L^ Z"{R' + P'){s,y)\ 



^"^y^ \a\+u<im 



C sup 1^1(1 + ^ \L'^ d^d{R' + P'){s,y)\. 



|a| + i/<183 



As above, using H5.20|l . the first term is bounded by 

C \\{x)-'/'L'^Z'^u'\\l.^s.^<Ce'il + t) 

\a\ + iy<lS7 

The cubic terms require a little additional care. To begin, we have that the last two 
terms of (I6.21|) arc controlled by 

(6.22) Csup|y|(l + s+M)i+^zi-'^(s,|y|)( ^ \Z^u{s,y)\f ^ \L^Z^u{s,y)\ 

("'^^ |q|<186 |a|+jy<180 

+ Csup|y|(l + s+|y|)i+^zi-^(s,|y|)( E \L''Z'^u\s,y)\ 



|q|<186 \a\ + v<l8S 

v<N 



-Csup|y|(l + ,s+|y|)i+^zi-^(s,|y|)( ^ |L''Z"w(s, 2/)|) ^ 

(''■2') |a|+iy<189 



y<Ar-l 



Applying H5.1|l and (|5.15() to the first term and using (|2.27|l and H5.20|l in the second, 
we see that the first two terms of (I6.22f) are controlled by 



Ce{l + sup(l + s + \y\)'+^z'-^{s, \y\)(l + log ^ + ' + ' ) ( ^ \Z^'u{s,y)\)' 
{s,y) ^ z{s,\y\) )\ ^ I 



|q|<186 



Here, we have used that (|5.22|l gives cat < cat. If we in turn apply H5.12|l . we see that 
this is bounded by the right side of H6.2()|l as desired. When = 1, this is sufficient to 
complete the proof. When A^ = 2,3, we must also consider the last term in H6.22|l . The 
bound here, however, follows quite simply from three applications of (|5.13|l (and (|5.1(l l. 
Doing so, we see that this last term is controlled by Ge^iX +t)^''"^. Since we may choose 
Cat > 3&Ar (see (|5.22|l ^. this is sufficient to complete the proof of H6.2()(l . 



6.6. Proof of (I5.16|) : In this section, we will argue much as in the previous section to 
establish the higher order pointwise estimate that permits three occurences of L. Here, 
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we must establish (|5.16|) with ^4 replaced by A^jl. This is accomplished by showing 
(6.23) (l + log ^^+^+_'^' T '(l + |x|) \L''Z''{^-v)\t.x)\<Ce\\ + tr'-^ 

for = 0, 1, . . . , 4 and using IjS.Sfl . 

Applying H4.18|l and (|4.21|) and arguing as in the proof of H5.15|l , we see that the left 
side of H6.23|l is dominated by 



(6.24) C \\{x)-^^'^L-'Z°'u'\\l 



|q|+i/<262 



Csup\y\{l + s+\y\y+'^z'-'^{s,\y\)( ^ \Z^u{s,y)\) ^ IL'^ Z^u{s,y)\ 



|a|<132 



|a|+i/<255 
iy<N 



+ Csnp\y\{l + s + \y\)^+^z^-^{s,\y\)(^ J2 |^"^^(s, y)|) ' ^ {L-^ Z^u' {s,y)\ 

^^'^^ |q|<132 \a\ + u<260 

+ Csnp\y\{l + s+\y\t+^z'-^{sAy\) ^ \L^ Z'^u{s,y)\( ^ \L'' Z'^ u{s , y)\) 



|q;|+!/<132 



|a|+i/<255 
v<N-l 



Csup\y\{l + s+\y\)'+^z'-^{s,\y\) ^ |L''Z"«(s, y)| 



|a|+y<132 
i/<Af 



|o!|+i/<132 

i/<Ar-i 



|o!|+i'<260 
i/<iV-l 



Choosing > max(2ajv, 26Ar + cat) as we may, we see that this is bounded by the 
right side of (|6.23() . Indeed, the bound for the first term in (|6.24() follows directly from 
(I5.21|l . For the second term, we apply H5.1|l . H5.12|l . and (|5.16|) as before. This suffices to 
handle the = case. In order to complete the proof for = 1, 2, 3, we similarly, bound 
the third term using applications of (|2.27|) . H5.1|l . (|5.12|) . and (|5.21|) . To get control over 
the fourth term, we apply (|^ . ^J^, and Using (|^ . ^J^, lfCT3|l . and (|^ . 

one can see that the last term is O(e^) for small e which completes the proof of H6.23|l . 



6.7. Proof of (|5.18() : In order to complete the proof of part («.), it remains to show that 
the low order, lossless energy inequality H5.18|l with A5 replaced by A5/2 follows from 
(|5.12|l - (|5.21|l . Since v satisfies the better bound IjS.Sfl . it suffices to estabhsh 

(6.25) Y \\L''Z"{w~vy{t,-)\\l<Ce\ 

|Q| + iy<220 
i/<l 
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By the standard energy integral method, we have that the left side of Ht).25|l is bounded 

by 



I {doL^Z'^iw - v), DL''Z°'{w - v)) I dy ds 



^ H \l I dQL''Z°'{w^v)V^L''Z°'{w -v) ■ ndads 



|a|+i^<220 
i/<l 



where n is the outward normal at a given point on /C and ( • , • ) is the standard Euclidean 
inner product on R^. Since JC C < 1} and since the coefficients of Z are 0(1) on 
die, it follows that the last term in controlled by 



cf f V \L-'d''{w~vy{s,y)\Uyds. 

Jo J{xm'>\K:\x\<l} |„|+^<22i 
i/<l 



Additionally, by the commutation properties of F with □ and the fact that D[w — v) = 
(1 — — ri)Ou, we sec that the left side of (|6.25|l is dominated by 



C 



J2 {doL"' (w-v), L"' Z"'F{u, du, d\)) 

•^K^\'C|„^|+,^.<22o' 



dy ds 



i',<ly = l,2 



C 



J2 \L''d°'{w~vy{s,y)\'^dyds. 

J{xm^\!C:\x\<l} |„|+^<221 
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If we expand using the definition of F{u, du, (Pu), the preceding equation is controUed 



by 



(6.26) cf ( V V |aoi"^"(w- w)^ 



\a\ + y<2 
iy<l 



K 



|a|+iy<220 |/3|+/i<220 0<j,fcJ<3 
v<l fj.<l 



dy ds 



JM.3\K j^^^ \a\+u<220 



K 



|Q|+iy<220 \p\+^l<220 0<j,k<3 



X Ok 



dkL^Z^u^ 



dy ds 



C 



5^ ^ \L''Z"d{w-v)^\ IL'Z'^du'l 

Jmi\K i<i_j^K<D \a\+u<22Q |q| + i/<220 

X Y \L''Z'^du-^\dyds 

\a\+v<22l 
v<\ 

cf f Y \L''Z°'d{w-v)\(^ Y \L'"Z''u\j' dyds 



U<1 



|q|+i/<222 
i/<l 



c 



J{x<£M3\K:\x\<l} 



J2 \L''d''{w-vns,y)\Uyds. 



|q|+i/<221 
i/<l 



By Lemma 4.1 of Sideris-Tu the constants A^'-j^ and B^^'-'^ satisfy H1.9|l and (|1.10|) . 

The first two terms in (|6.26|l satisfy the bounds of Lemma l2.6l The third term involves 
quadratic interactions between waves of different speeds, and the fourth term is the 
cumulative effect of the nonlinearities of higher order. The arguments to bound the first 
three terms and the final term follow from those in 27^,. For completeness, we sketch the 
argument. 

Let us first handle the null terms. By (|2.25(l and 1)2. 26() . the first two terms in (|6.26|l 
are controlled by 



(6, 



27) cf f Y E l^''^""'! E IL-'z'^iw^vyi^ 



c 



E 



\a\+u<221 
u<2 

{cr-s - r) 



\a\+v<221 
j<2 



\a\+v<220 



h^\Kji^^ {s + r) |^|^^^220 

I/<1 



Y \L''Z°'d[w -v)^\(^ Y \L''Z°'u'\y dyds. 



|Q|+iy<221 
i/<l 
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To handle the first term of Ht).27|l . notice that by H5.1|l . (|5.5|l . and H5.14|l . we have 
\L''Z"u{s,y)\<Ce{s + \y\)-^+''''\og{2 + s), 

|Q|+i/<221 
i/<2 

which means that the first term of H6.27|) has a contribution to H6.26|l which is dominated 

by 



/•* l0g(2 + s) ^ n Ml 



\a\+u<221 
j<2 



X \\{v)-"^L''Z''{w-v)'{s,-)hds 

|a| + i/<220 
v<l 

by the Schwarz inequality. Thus, if we subsequently apply the Schwarz inequality, ()5.1|l . 
(|5.5(l . and H5.21|l . we see that this contribution is 0{e^) for e > small. 

We now want to show that the second term of (|6.27|) satisfies a similar bound. If we 
apply Ht).l|) . we see that the second term of (|6.27|) is controlled by 

Jo 7r3\k r ' (s + 7) / |^|^^<221 

iy<l 

For e sufficiently small, it follows similarly that this term is 0{e^) by the L'^L'^ estimates 

of insij. 

For the multi-speed terms (i.e. the third term in H6.26|l ). let us for simplicity assume 
that I ^ K, I ^ J. A symmetric argument will yield the same bound for the remaining 
cases. If we set S < \ci — c/f 1/3+, it follows that {\y\ S [(c/ — S)s, (c/ + S)s]} n {[{ck — 
S)s, [ck + 5)s\} — 0. Thus, it will suffice to show the bound when the spatial integral 
is taken over the complements of each of these sets separately. We will show the bound 
over {|y| ^ [{^k — S)s, {ck + A symmetric argument will yield the bound over the 

other set. 

If we apply we see that over {\y\ ^ [{ck — 5)s, {ck + the third term in 

H6.2t)|) is bounded by 

Ce f — — - y |L"Z"9wYrfyrfs. 

Jo (s)(l/2) ''^ J{|y|^[(c^-5)s,(cK+5)s]} 1^1^22^ 

i/<l 

Arguing as above, it is easy to see that these multiple speed quadratic terms are also 
0{e^) by (I^TlTl . 

Next, we need to show that the last term in 16.26() enjoys an 0{e'^) contribution. This 
is clear, however, since this term is bounded by 



|a|+i/<221 

and an application of Ht).17|l yields the desired bound. 
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In order to finish the proof of (|(j.25|l . and hence that of part (i.), it remains to bound 
the cubic terms in Ht).26|) . By H5.1|) and (|5.14|l , it follows that this fourth term of Ht).26|l 
is controlled by 



By the Schwarz inequality, 1)5. 5|l . and H5.18|) . this last term is also 0(£^) if e is sufficiently 
small. Thus, we have shown (|6.25|) and have finished the proof of (i.). 



We now begin part (ii.) of the continuity argument. In particular, we need to show that 
(|CT7|l . (jSHH), (|S2ni), and follow from ^J^-^J^ and ifOT^ . This wiU complete 

the proof of Theorem ll.il 

7.1. Proof of H5.17|l : In this subsection, we briefly prove that H5.17|l holds. Indeed, if 
{t,x) ^ A/, it follows that (c/t — |a;|) ^ {t + \x\). Thus, away from the associated light 
cone, we have that 1 + log ^;|^t,*^"||_^L is 0(1). Hence, by H5.12|l . we have 



when {t, x) ^ A/. For {t, \x\) G A/, it follows that |a;| « t. Thus, by (|2.27() . we have 



provided (t,x) e A/. Since the right side of this equation is 0{e) by H5.18|l . we have 
established H5.17|l as desired. 

7.2. Proof of (|5.19|l : The next step is to show that we have the higher order, lossy 
energy estimates and mixed norm estimates when the scaling vector field does not occur. 
Here, we modify the arguments of | 28| to allow the general higher order terms in the 
nonlinearity. 

In the notation of §2, we have O^u — B{du) + P(u, du) where B{du) + P(m, du) is the 
semilinear part of the nonlinearity and 




7. Proof of {ii.) 



(l + t+|j:|) \Z''dw^{t,x)\<Ce 



|q|<200 



(l + t+\x\) \Z°'dw\t,x)\<C Y \\Z°'w'{t,-)\ 




IJ.jk _ IJJk 



(u, du) 




dJ.jk 



(m, du). 



1<K<D 
0<(<3 



Also, note that by and (|07|l 



(7.1) 
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We begin by proving H5.19|) . To do so, we first estimate the energy of u for j < M < 
300. Notice that by and ifTTT) . we have 

(7.2) <cY, \\o,diuit, ■ )h + HW- 

Note also that for M = 1, 2, . . . 

j<M j<M J<M-1 |q|<200 

+ c{\u\+j2\diu'\+ \did'u\)[Yl 

j<M j<M-l |q|<200 



Using H5.1|l . (|5.12|) . and (|5.17|) . it foUows that this is bounded by 



If we use elliptic regularity and repeat this argument, we get 
E \\dldMt,-)h<CY,\\dlu'{t^-)h + C \\dlUu{t,-)h 

j<M-l j<M 3<M-l 

<cY\\dW{i^-)h^^ Y \\didMt,-)h + j—-^. 

If £ is small, we can absorb the second term into the left side of the preceding inequality. 
Therefore, if we combine the last two estimates, we conclude that 

E W'^'rdMt, •)ii2 < — 7 E ng^u-)H2+ 

j<M j<M ^ ' 

If we use this in H7.2|l . we get that for small e > 

d,E\{\u){t)<^E\/'{u){t)+ 



since i£;jif < EjXA/ ll^t"'(^' ■)h < 2£^lf when e is small. Since ((11^ 

1 /2 

implies that _E3QQ(ii)(0) < Gronwall's inequality yields 

(7.3) • < 2i^300 W W < Ce{l + t)'^^ 

i<300 

for some constant C* > 0. By elliptic regularity, this leads to the bound H5.19|l if e > is 
sufficiently small. 

7.3. Proof of the base case, = 0, of (|5.20|) and H5.21|) : We begin by showing 

(7.4) (log(2 + t))-V2 Y \\{x)-''^d-u'U.^s.)<C{l + tf^ 

|a|<298 
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where C is the constant appearing in (|5.19|) . By (|4.9|) . 1)5. If) , and ()5.5|) . we have 

|a|<298 

|a|<298 

(7.5) .t 

<Ce{\og{2 + t)Y'^ + C / W^{w~v){s,-)hds 

|a|<299'^0 

+ C ^ ||a"n(7«-i;)|U2(s,). 

|a|<298 

Since 9"n(w — u) = — (3){1 — ri)Ou, the right side is 

<Ce(log(2 + i))i/2 + c ^ t \\d^nu{s,- )hds + C ^ ||a"n^.|U2(s^). 

|q|<299 " |q|<298 

If we apply (|5.1|) , H5.12|l , and (|5.17|) as in the proof of H5.19f) , it is easy to see that 

E W^u{s^-)h<^^ E H^°"'(^--)ll^+ n + .w2- - 

|a|<299 |q|<300 ^ ' 

If we plug this into the previous equation and apply H5.19f) . (|7.4|) follows immediately. 
We next wish to show 

(7.6) l!W(t,.)ll2<Ce(l + <)'»''- 

|q|<297 

for some ap > C . In order to show this, we will argue inductively. That is, for M < 297, 
we will assume that 

(7.7) J2 \\Z''u\t,-)\\2<Ce{l + tf', 

\a\<M-l 

and we will use this to show 

(7.8) WZ^'uit, ■)\\2<Ce{l + tf''+'' 

\a\<M 

where ct > can be chosen arbitrarily small. Notice that the base case follows trivially 
from (ESI)- 

In order to control the left side of (|7.8|l . we use (|4.8|l . To do so, we must estimate the 
first term in its right side. We have 

(7.9) Y \\0,Z'^u{t,-)h<C Y II^V(i, .)l|oo Y \\Z"u'it,-)h 

\a\<M |7|<200 |a|<J\/ 

+ C Y \\Z^'u{t, ■ )Z^u{t, ■ )Z^u'{t, • )||2 

|/3|,|7|<200,|q|<A/ 

+ C Y \\Z^u{t, ■ )Z^u{t, ■ )Z"u(t, • )||2 

|/3|,|7|<200,|Q|<Af 
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By (|5.1|) . H5.12|l . and H5.17|l . the first two terms are controlled by 

\a\<M 

where YM.oit) is as in 1)4. 7|l . Since the coefficients of Z are 0(|a;|), we can apply 1)5. l|l 
and 15.12|1 to see that the last term in H7.9|l is dominated by 

(i + t)3/2-+ YTt ^ \\zu{t,-)h. 

^ ' ' |q|<M-1 

The first term here corresponds to the case \a\ = \f3\ = I7I = in the last term of 1)7. 9|) . 
Plugging these bounds for H7.9() into (|4.8() and applying (|7.1|) yields 

Ce 

(7.10) 9tyAf,o(t) < Y^YAiAt) 



|q|<A/-1 

■ JIIL2(|j,|<1) 



|a|<Af+l 

if £ is sufficiently small. Therefore, by Gronwall's inequality, H1.12|l . and the inductive 
hypothesis l|7.7(l . we have 



YM,o{t)<C{l+tf'\e^ + ( SUV Yl/l{s))e\l + t) 



Ce+rr 



|q|<M+1 



If we apply 17.4|l to the last term, we see that 1)7. 8|l follows. By induction, this yields 
(ESI). 

Using ()4.10(l . this in turn implies 
(7.11) (log(2 + t))-V2 J2 \\{xr'/'Z'^u'U2^s.^<Ceil + tr^ 

|q|<295 

which completes the proof of = cases of (|5.20f) and (|5.21|) . 



7.4. Proof of (|5.20|l and (|5.21|l for > 0: In order to complete the proof of Theorem 
11.11 we must show that 1)5.20(1 and ()5.21)1 hold for N = 1,2, 3. To do so, we argue 
inductively in N. We fix an N and assume that 1)5.21)1 holds with N replaced by — 1. 
It then remains to show 1)5.20)1 and ()5.21)l for that N. 

We begin with the task of showing 15.20)) . The first step will be to show that 
(7.12) J2 \\L''d"u'{t, ■ )\\2<Ce{l+t)^'+''. 

\a\+ti<205 
p,<N 
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For this, we shall want to use (|4.t)|) . We must first establish an appropriate version of 
for Nq + vo < 205, vq < N. For this, we note that for M < 205, 



^ {\L^dla^u\ + \[L'^di,a-D^ 



j+tJ.<M 
tj.<N 



2 

u' 



j<M-N j<M-N-l |q|<200 |q|<200 

|q|+M<A/-200 \a\+ii<M 

fi<N fi<N-l 

+ C J2 \L^d'^u'\ J2 

\a\+iJ.<M |a|+p<max(M/2,Af-200) 

fj.<N-l fi<N-l 

+ C( E iL'^d^ulY Y l^''^" 



\a\+tJ.<M+l \a\+ti<lSO 
fi<N-l fi<N 



Using elliptic regularity, (|2.27() . ijOJ, (|5.12() . and 15.18() . we conclude that 

J2 (||L^a,^□,^^(<,•)ll2 + l|[i^a,^□-□>(^,•)ll2) <^ E Olb 

j+fi<M j+fj.<M 
fi<N fi<N 



|a|+/i<Af-200 |Q|+/i<207 

+ C ^ \\{x)-'/^L'^Z^u'{t,-)\\l 

|a|+/j<max(A/,2+M/2) 



c 



|a|+At<M+l |a|+/i<180 
fi<N-l fi<N 



Based on this, (|4.5|l holds with (5 = Ce and 

\a\+fj.<M-200 
IJ.<N 



) • ;ii2 



+ C ^ ||(x)-i/2L'^ZV(t, Oil 



|a|+;i<207 
^l<N-l 



+ C 



|a|+M<A-f+l |a|+/i<180 



Since M + 1 < 206, H5.1|l . (|5.14|) . and H5.15|l imply that this last term is controlled by 

1 1 



Ce^(l+log(l + <))'^(l + i) 



3/--1 I j-\26jv+civ 



(l + t+ |a;|)2 l^l 2 - (1+i) 



< 
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if £ is sufficiently small. 

Since the conditions on the data give J eo{L'^d^u){0,x) dx < Ce^ if J + < 300, it 
follows from l|4.6|l and the inductive hypothesis f H5.21(l with N replaced by — 1) that 
for M < 205 

(7.13) \\L''d"u'{t, ■)\\2<Ce{l + tf'+'' 

\a\+fi<M 

|a|+M<M-200 

|q|+m<M 
fj,<N-l 

for some constant a > 2ajv-i£. 

If we apply H4.12|l . (|5.1I) . and H5.5|l . we get that the last integral is dominated by 

Ce log(2 + t) plus 




(i<N-l 



Since 0[w — v) — {I — (3){1 ~ we conclude that this last term is bounded by 

(7.14) Y l\f \\L^d^^n{T,-)\\L^^\,\_^s-r)\<io)dT)ds. 

fi<N-l 

As in [2HI, when Du is replaced by the quadratic terms B{du) + Q{du,d^u) in H7.14|l . 
we see from an application of (|2.27l) that the integrand is bounded by 

Y •)lli^(||x|-(.-.)|<20)- 
|a|+/i<209 
ti<N-l 

Since the sets {(r, x) : | |a;| — — r)| < 20}, j = 0, 1, 2, . . . have finite overlap, we conclude 
that, in this case, the last integral in (|7.13() is bounded by 

Celog(2 + t)+C Y II (2^)"^^^^^ ^"^'111^(50 ^ + 

|Q|+^t<209 
/i<JV-l 



The last inequality follows from the inductive hypothesis. 
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When Du is replaced by the higher order terms P{u, du) + R{u, du, d'^u), we see that 
(I7.14|l is bounded by 
(7.15) 



C 



/ (/!( E \L''dMr,-)\y Yl \L'd''<r,-)\ 

" " |a|+M<208 |q|+m<208 
fj.<N-2 fj.<N-l 



dr I ds 

Lm\x\-{s-r)\<W) 



By (|5.1|l . (|5.14() . and H5.16|l . we have that 



|q|+M<208 |a|+p<208 
fi<N-2 fi<N-l 

Since the norm is taken over « — s), it follows that (|7.15() is bounded by Ce^{l + 
^•j2fcjv-ie+c„_ie+_ Since we may take qn > 26jv_i + c'^_i, this will be sufficient for 
N > 2. When = 1, there are no occurences of L in (|7.15() . and appropriate bounds 
follow simply from l|5.1|) . H5.12|l . and H5.16|l . 

Plugging this into H7.13|) . we see that 

(7.16) J2 \\L''d°'u'{t, ■)\\2<Ceil + tf'+'' 

fj.<N 

\a\+fi<M-200 
fj,<N 

which yields ifTT^ for M < 200. 

For M > 200, (|7.12|) will follow from a simple induction argument using the following 
lemma. 

Lemma 7.1. Under the above assumptions, if M < 205, 1 < < 4, and 

(7.17) J2 l!iW(i, •)l|2+ J2 m-'^'L'^d'^u'h.^^s.) 



\a\ + i^<M |Q| + iy<A/-3 

iy<N v<N 



+ J2 \\L-Z"u'{t,-)h+ Y m-'^'L'^Z-u'U.^s.^<Cs{l+t) 

\a\ + iy<M-i |a|+i/<M-6 

with fj > Q, then there is a constant C so that 

(7.18) \\{x)-''^L'^^-u'U.^s,)+ E WZ"u'{t,-)h 

\a\+v<M-2 |a|+iy<A/-3 



Ce+a- 



Y ||(x)-i/2i^W|U.(s,)<C^'£(l + t) 



C'e+C'a 



\a\+iy<M-5 
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Proof of Lemma \ 7. 1\ Let us start with the first term on the left side of ()7.18f) . Using 
(|4.9|) . H5.1|) . and (|5.5|l as in H7.5|) . we see that 



(log(2 + i))"'/' ^ Wixy^^^L-^d'^u'l 



\a\+u<M-2 



is controlled by C£(log(2 + i))^/^ p^^g 

(7.19) C f Wd'^Uu[s,-)hds + C Wd^^Uu\\ms,y 



\a\ + u<M-l ' 
u<N 



\a\+u<M-2 
v<N 



When Du is replaced by the quadratic terms B{du) + Q{du^dPu), the first term in 
(|7.19() is controlled by 



|a|<200 



^/ II E E \L''d'^u'{s,-)\ 

JO |„,|^onn \a\+u<M 

c f\ J2 •)! E •)! 

° |q| + !/<M-200 

i/<Af 

•y'lK E •)! 



|q|<A/ 



|Q| + I/<Af 

y<N-l 



ds. 



Notice that by (|5.17|) and H7.17|l . the desired bound holds for the first term. By H2.27|l . 
the last term is bounded by 



c J2 m-'^'L'^z'^u'wi.is. 



\a\+v<M+2 
v<N-l 



and the appropriate bound follows from the H5.21() with N replaced by A'' — 1. This is 
sufficient to show that the result holds for this case when M < 200. When M > 201, we 
must also handle the second term above. By (|2.27|) . this is controlled by 



c J2 \\i^y'^'d'^^'\\his.)+c E m-'^'L^z'^u'w 



|q|<A/ 



|a|+iy<A/-198 



and the bounds follow from (|7.4() and H7.17|l . When Du is quadratic, the desired estimates 
for the last term in H7.19|l follow from very similar arguments. 

It remains to bound (|7.19|) when Ou is replaced by the higher order terms P{u, du) + 
R{u, du, d^u). Since M +l< 206, by (EH), fsHjl and we have 

Y \L''d'^u{s,-)\y J2 \L-d'^u{s,-)\ <Ce\l + t)-^- 



|Q| + iy<A/+l 
i/<Af-l 



|Q|+iy<Af+l 



for e > sufficiently small. Upon integration, it is easy to see that these terms satisfy the 
desired bounds, and this finishes the proof that the first term on the left side of (|7.18|) is 
dominated by its right side. 
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To control the second term in (|7.18|l . we will use (|4.8f) . This means that we must 
estimate the first term in its right side, which satisfies 



\a\+u<M-3 



^ \\U^L^Z-^u{s,-)h<c\ .)| E |L^W(s, •)! 

|a|<200 \a\+y<M-3. 

E \L''Z-u'{s,-)\ 

\a\+v<M-2m 

( \L''Z-n'{s,-)\) 



+ C|| Y \Z"u'{.i 

\a\<M-3 



c 



\a\+y<M-3 
v<N-l 



C 



|a|+i/<J\/-2 
i/<Af-l 



\a\+u<M-2 



Applying (|5.1|l and (|5.17|) to the first term, (|2.27|l to the second and third terms, and 
(|5.1|l. H5.14|> . and H5.16|l to the cubic term, we have that this is dominated by 



(7.20) ^Ylil,_^^^{s) + C m-'/^L^Z'^u'is^-W^ 

\a\ + u<M-l 
v<N-l 

+ C Y m-"''L^Z'^u'{s,-)\\l^Ce^{l^s)-'- 

|a| + i/<Af-203 

with YM-Ti-N.Nit) as in (|4.7|l . 

Plugging this into l|4.8(l . applying the inductive hypothesis (' (15.21(1 with N replaced by 
N — 1), using Gronwall's inequality, and arguing as in the proof of (|7.6|l . we see that the 
bound for the second term in H7.18|l follows for M < 203. When M > 203, we must also 
deal with the third term in (|7.20l) . but this is done trivially by applying (|7.17fl . 

Using (|4.10|) and the arguments that procede, this in turn implies that the third term 
in (|7.18|) is bounded by the right side, which completes the proof. □ 

From H7.16|l and the lemma, one gets (|7.12|l and H5.20|l . 

In order to complete the proof of Theorem ll.il one must show that H5.21|l follows from 
(|5.12|l - (|5.20|l and H5.21|l with N replaced by - 1. The first step is to show that 

(7.21) Y •)l|2 < Ce(l + t)^"^ 

\a\+i^<M 
v<N 

for some Am- For this, as in the proof of H7.12|l . we will use H4.6|l once we are able to 
establish an appropriate version of (|4.5|) for A^o + ^'o < 300 — 8A^, vq < N. Notice that 
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for M < 300 - 8N, we have 



2 

u' 



J2 {\L^^dia^u\ + \[L>^di,a-a^] 

j+ti<M 
tJ.<N 

<C( ^ \L^didu\+ J2 \L''did'u\)[j2 + [ I^''^" 

j+fi<M j+fi<AI-l |a|<200 |a|+M<190 

M<W tJ.<N fi<N-l 

+ C |i^9"it'| Y iL^d^u'l 

|a|+M<A/-200 |Q|+^t<Af 

+ C Y iL^d^'u'l Y \L^'^°'u'\ 

\a\+fj.<M |a|+Ai<max(j\//2,A/-200) 

|q|+M<255 |Q|+^i<180 
fj.<N-l ti<N 

+ C J2 \L''d°'u'\ J2 IL^d^u] J2 \L''d°'u\. 

|a|+/i<M |q|+^<190 |q|+m<180 

fj,<N-l p,<N-l p.<N 

By this, l|2.27|l . (|5.1|l . (|5.14l) . and (|5.17|) . and cUiptic regularity, we get that for M < 
300 - 87V 

J2 {\\L'^dia,u{t,-)h + \\[L'^di,n-n^]uit,-)h)<^^ ^ ||L'^9,V(i, • )||2 

j+l-i<M j+fi<M 
fi<N fi<N 



C \\{x)-"^L^d'^u'{t,-)\\l + C Y \\{x)-'/'L^'Z'^u'{t,-)\\ 

\a\+fj.<M~2aO \a\+fj.<M+2 



|a|+M<255 |a|+/i<180 
ti<N-l fj,<N 



+ c|| ^ IL'^S"?/'! Y iL^d^ul Y 

|a|+M<M |q|+/i<190 |a|+;i<180 

fi<N-l fi<N-l ii<N 

Based on this, (|4.5I) holds with 

(7.22) H^,M-Nit)^C Y m-'^'L>^d'^u'{t,-)\\l 

\a\+n<M-2Q0 
fj.<N 

+ C Y \\{=^y^^^L^'Z"u'(t, ■)\\1 + C\U Y Y 1^"^" 

\a\+n<M+2 |q|+P<255 |a|+p<180 

+ C|| Y iL^d^u'l Y \L^d"u\ Y iL^d'^u] 

\a\+fj.<M |a|+/i<190 |a|+Ai<180 

H<N~1 fi<N-l fi<N 
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Notice that by H5.1|l . (|5.14|) . and (|5.15|) . the third term on the right of (|7.22|) is con- 
troUed by Ce^(l + i)"^". Also notice that by ^J^, and the last term in 

(|7.22|l is dominated by 



l + t 

\a\+ii<M 



From this, we see that 



(7.23) f HN,M-Nis)ds<Ce'' + C ^ \\{x)-'/^Lf^d''u'\\l2(^s,) 

■^0 l^,l_L,,^ /\ r_onn 



|q|+/j<A/-200 



C J2 \\{x)-'/'L^Z'^u'\\h^s.^ 

\a\+fj,<M+2 
H<N-1 



+ Ce^ f\l + s)-^+''"'+^"'+ V \\{x)-^L^'^"u'{s, ■)\\2ds. 



\a\+fJ.<M 
ti<N-l 



If one applies the Schwarz inequality and uses 15.21|1 (with N replaced by N — 1), the 
last term above is 0{e^) for sufficiently small e. 

If we use this in 1)4. 6|) and apply the inductive hypothesis to handle terms that involve 
— 1 or fewer occurences of L, we see that 



(7.24) J2 WL^'d^u'it, ■)\\2<Ce{l + tf'+^ 

\a\+fj,<M 
IJ.<N 

|a|+M<M-200 
fj.<N 

+ C{1 + r Y • )IIl^(|x|<i) ds 

° \a\+fJ.<M 
fi<N-l 

since the conditions on the data give / eo{L'"d^ u){0, x) ds < Ce^ if v + j < 300. 

As before, if we apply H4.12|) . (|5.1|l . and H5.5|l . the last integral is dominated by 
Ce log(2 + t) plus 

(7.25) Y f if l|i^5"nii(r, •)||L^(||.|-(.-r)|<io)C?r) ds. 

|a|+A'<Af+l " ° 
li<N-l 

When Dm is replaced by B{du) + Q{du,d^u), as in the proof of (|7.12|) . we can apply 
(I2.27|l and finite overlap of the sets ^(t.x) : ||a;| — (j — r)| < 20}, j = 0, 1, 2, . . . to see 
that this is bounded by 

\a\+fj.<M+3 
fj.<N-l 



60 



JASON METCALFE, MAKOTO NAKAMURA, AND CHRISTOPHER D. SOGGE 



The last inequality follows from the inductive hypothesis (|5.21|) . 

We must now examine the case when Du in H7.25|l is replaced by the cubic terms 
P{u, du) + R{u, du, d^u). Here, we see that (|7.25|) is bounded by 



(7.26) C f(f ( J2 iL'd^r,-)] 



|q|+m<190 



\a\+fj,<M+2 



L2(||xh(s-r)|<10) 



dr I ds 



fj,<N~l 



L'^(\\x\-(s-r)\<lQ) 



dr I ds. 



Since the norm is taken over |a;| sa (s — r), we can apply H5.1|l and (|5.13|l to bound the 
first term by 



Wn (l + r)fl 



2hlve^ 



\Jo (l + r)(l + (s-r)) 



E \\L''d°'u'{T, ■ )||L2(||x|-(s-r)|<io) dr) ds 



\a\+fj.<M+2 
fj.<N-l 



By the inductive hypothesis (|5.21|) . it follows that this term is dominated by Ce^{l 
^^2b„£+aN-ie+ Using three apphcations of (|5.1|l and H5.13|l we see that 

( E \L^uiT,x)\y <CeHl + Tf-'+{l+T)-\l + \x\)-\ 

and thus it follows that the last term in ifT^ is controlled by Ce^{l + 
Plugging these bounds in H7.24|l . it follows that 

(7.27) E \\L''d''u\t, ■)\\2<Ce{l + tf'+^ 



|a|+M<M 



\a\+fj.<M-200 
fi<N 



which yields ifT?^ for M < 200. For M > 200, similar to what we have seen previously, 
(j7.21|l will follow from a simple induction argument using the following lemma. 

Lemma 7.2. Under the above assumptions, if M < 300 — 87V and 



(7.28) E •)l|2+ E m-'/'L'^d-u'h^s.) 



\a\ + u<M 
iy<N 



\a\+i^<M-3 



E wz-u'it, .)ii2+ E m-'/'L^z'^u'w^.^s.) < cs{i+t) 



Ce+cr 



|q| + i/<A/-4 



\a\ + u<M-6 
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with cr > 0, then there is a constant C so that 



(7.29) m-'''L^d'^uU.(s.)+ J2 \\L''Z'^u'it,-)h 



\a\+u<M-2 
iy<N 



\a\+iy<M-3 



^ ||(2;)-V2L-W|U.(S,)<C'£(l + i) 



C'e+C'a 



|a|+i/<M-5 



Proof of Lemma \7.'<!\ Here we use arguments similar to those applied to prove Lemma 
17.11 We begin by showing that the first term on the left side of H7.29|l satisfies the bound. 
Using (|4.9|l . (|5.1|) . and (|5.5|l as in H7.5|l . we see that 



|a|+iy<J\/-2 



ds 



(7.30) (log(2 + i))-i/2 II (a;>"'/'i''a"u'||i.(5,)<Ce(log(2 + 0)1/2 

\a\+iy<M-2 
v<N 

+ C f Wd'^Uu{s,-)hds + C Y WL'd'^auU.^s, 

Notice that the second term in the right side of (|7.3U|) is 

(7.31) <c/"|| Y iL^d^u'is, ■){ Y |i''5"u'(s 

|q| + i/<190 \a\+}y<M 
iy<N-l v<N 

+ C f \ Y \L''d'^u\s,-)\ Y \L''d''u'{s 

° \a\+u<M \a\+v<M-l9() 
u<N-l v<N 

C f\ Y \L''d''u{s,-)\ Y l^'^^M^^OI Y I^W(s, 01 

"'O |a|+i/<180 \a\+v<M 

v<N v<N 

+ c'r||( E i^M^, •)i)'Ei^'^"(^'-)I 



|a|+i/<190 
y<Ar-l 



By (|^ . inHSIl, and l(5?T5|l . it follows that the last term is 0{e^). Applying (|5?T|l . (EUSl), 
and H5.15|l to the first and third terms and using H2.27|l and the Schwarz inequality on 
the second, we see that (|7.31|) is 



< Ce^ + Ce / (1 + s) 



\ — l+bive+cjve+ 



Y Wd'^u'hds 



\a\ + y<M 
v<N 



c Y m-''^L'^z-u'{s,-)\\^.^s.) Y m-"^L''d'' 



\a\+v<M+2 
v<N-l 



|a|+i/<M-190 
i/<N 



When N < 190, the last term above is unnecessary, and the bound follows from (|7.28|) . 
For N > 190, one uses (|7.28ll and the inductive hypothesis H5.21|l to bound the additional 
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term. Since the same arguments can be employed to bound the last term in (|7.3U|) . this 
finishes the proof of the bound for the first term in the left side of (|7.29|) . 

To control the second term on the left side of (|7.29|) , we will use (|4.8|l . The main step 
is to estimate the first term on its right. Here, we have 



(7.32) 



\a\+v<M-3 



|a|<200 



v<N 



\a\<M-Z 



\a\+v<M-203 
v<N 



C 



C 



( E •)!) 

|a|+i/<J\/-3 
i/<JV-l 

( E \L-Z'^uit,-)\y E IL'Z'^u'it,-)] 



|q|+i'<190 

7<JV-1 



|a|+i/<M-3 



C\\ E iL'^Z'^uit,-)] E \L''Z'^u{t,-)\ E iL'Z'^uit, 



|a|+i/<190 
u<N-l 



|a|+!/<180 



\a\+v<M-3 
\a\>l,v<N 



C\\ E \L''Z"uit,-)\ E \L''Z'^u{t,-)\ E \L''Z'='u'{t,-)\ 



|a|+y<190 
u<N-l 



|a|+y<180 



\a\+u<M-3 
i^<N-l 



+ c\\[ E \L'<t,-)\) E 

With y/\/_Ar_3jv(t) as in (|4.7|) . we can apply (|5.1|) and (|5.17|) to bound the first term in 
the right by 



1 + t 



M-N-3,N 



it). 



By applying (|5.1|) and 15.13|l . the same bound holds for the fourth term in the right side 
of H7.32|l . Using H2.27|l . the second and third terms in the right of H7.32|l are controlled 

by 



C E \\{^)-'^'L^Z'^u'it,-)\\l + C E \\{x)-'/'L'^Z'^u'it,-)\\ 



\a\ + iy<AI-l 



|q|+i/<J\/-203 



Since the coefficients of Z are 0(|a;|), one may use (|5.1|l . H5.13|l and H5.15|l to bound the 
fifth and sixth terms in the right side of (|7.32|l by 



E •)l|2+ E \\L-'Z'^u'{t,-)h 



\a\+u<M~4 
v<N 



\a\+v<M-3 
v<N-l 



Finally, the last term in H7.32|l is easily seen to be < Ce^(l + t) ^ by H5.1|l . ()5.13|) . and 
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If we use these bounds for (|7.32|) in H4.8|l , we see that 



Ce 

(7.33) dtYM^N-3,N{t) < -—YM-N^3,N{t) 



\a\ + iy<M-l 



|q|+i/<J\/-203 



— l+bjve+cjve+ 



\a\+v<M-A 



\a\+v<M-3 
y<N-l 



+ £3(1 + t)-^-] +C E WL^d^u'it, ■ )|| 



Thus, by Gronwall's inequaUty, we have 
(7.34) YM-N-3.Nit) < C(l + tf^' 



E 



\a\+u<AI-2 



E 



\a\+iy<M-l 
i^<N-l 

\{x)-'/'L^z'^uTms. 



|a|+i/<Af-203 
iy<N 



E \\L''Z^u'is,-)hds 



|a|+iy<Af-4 



+ / (1 + s) 



— l + tlJVE + Cjv£ 



+ E \\L-Z'^u'is,-)hds 



\a\+u<M-3 
v<N-l 



\a\+v<M-2 
v<N 



since FM-Ar-3,w(0) < Ce^ by fTT^ . 

For M < 203, the third term on the right does not appear, and the proof of the bound 

E WZ^u'it, ■)\\l< CYM^N^3,N{t) < Ce^l + tf'^+C- 

\a\+iy<M-3 

is completed by applying the inductive hypothesis H5.21|l (with N replaced by N ~ 1) 
to the second and fifth terms on the right, applying H7.28|l to the fourth term on the 
right, and using the bound for the first term on the left of l|7.29|l to control the last term 
in H7.34|) . For M > 203, a subsequent apphcation of H7.28|l to the third term in H7.34|l 
completes the proof of the bound for the second term in the left of H7.29|l . 
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Using (|4.1U|I and the arguments above, this in turn imphes that the third term in 
(|7.29|) is controlled by its right side, which completes the proof of the lemma. □ 

By (|7.27|l and the lemma, we get (|7.21|l . The inductive argument using the lemma 
also yields (|5.21|) which completes the proof of Theorem ll.il 
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